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ABSTRACT
Many economists assume that safer assets are more liquid, and some have practically
used “safe” and “liquid” as synonyms. But these terms are not synonyms, and mixing
them up can lead to confusion and wrong policy recommendations. We build a multi-
asset model where an asset’s safety and liquidity are well-defined and distinct, and ex-
amine their relationship in general equilibrium. We show that the common belief that
“safety implies liquidity” is generally justified, but also identify conditions under which
this relationship can be reversed. We use our model to rationalize, qualitatively and quan-

titatively, a prominent safety-liquidity reversal observed in the data.
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1 Introduction

Recently, there has been a lot of attention on the role of safe assets and liquid assets in
the macroeconomy. Many economists, both academics and practitioners, seem to believe
that safer assets are also more liquid, and some go a step further by practically using the
two terms as synonyms or by merging them into the single term “safe and liquid assets”.
However, the terms are not synonyms: Safety refers to the probability that the (issuer of
the) asset will pay the promised cash flow, at maturity, and liquidity refers to the ease
with which an investor can sell the asset if needed, before maturity.! Mixing up an asset’s
safety and liquidity is not just semantics; it can lead to false conclusions and misguided
policy recommendations.

For instance, when a credit rating agency characterizes a certain bond as AAA, should
investors think of this as an assessment (only) of its safety or also of its liquidity? And,
if the answer is affirmative, how can one explain the fact that (the virtually default free)
AAA corporate bonds are considered less liquid than their riskier AA counterparts? More-
over, a recent literature in empirical macro-finance measures the so-called safety premium
as the spreads between AAA and BAA bonds, assuming that these types of bonds are
equally (il)liquid. But if certain assets carry different liquidity premia because they have
different safety characteristics (as indicated by the conventional wisdom and confirmed
by our theory), bonds of “equal liquidity” may be tricky to identify. Finally, policy makers
and financial regulators are often concerned about liquidity in certain assets markets. If
safety implies liquidity, could we just improve safety and let liquidity follow?

These questions reveal that it is essential to carefully study the relationship between
asset safety and asset liquidity, rather than just assume that one implies the other. To do
so, we build a multi-asset model in which an asset’s safety and liquidity are well-defined
and distinct from one another. Treating safety as a primitive, we examine the relationship
between an asset’s safety and its liquidity. We show that the commonly held belief that
“safer assets will be more liquid” is generally justified, but with important exceptions. We
then describe the conditions under which a riskier asset can be more liquid than its safe(r)

counterparts, and use our model to rationalize a prominent safety-liquidity reversal ob-

! Although there are economists who adopt slightly different definitions for both of these terms. For
instance, Gorton and Ordonez (2021) emphasize that an important aspect of safe assets is that they are
“information insensitive”. Also, a large number of papers in the New Monetarist literature, assume that
an asset’s liquidity refers to the ease with which that asset can be used to purchase consumption, e.g., by
serving as a means of payment; see Lagos, Rocheteau, and Wright (2017). For a careful comparison of the

various approaches, see the Literature Review (Section 1.1).
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served in the data. Finally, we highlight a surprising implication of our model about the
effect of an increase in the supply of safe assets on welfare.

To answer the research question at hand we build a dynamic general-equilibrium
model with two assets, A and B. The concept of asset safety is straightforward in our
framework: asset A is “safe” in the sense that it always pays the promised cash flow,
whereas asset B may default with a certain probability, known to everyone. The con-
cept of liquidity is more involved; specifically, we define an asset’s liquidity as the ease
with which an agent can sell it for cash (if needed). To capture this idea, we employ the
monetary model of Lagos and Wright (2005), extended to incorporate asset trade in over-
the-counter (OTC) secondary asset markets subject to search and bargaining frictions, & la
Duffie, Garleanu, and Pedersen (2005). Another important ingredient we introduce is an
entry decision made by the agents: each asset trades in a distinct OTC market, and agents
choose to visit the market where they expect to find the best terms. Thus, in our model, an
asset’s liquidity depends on the endogenous choice of agents to visit the secondary market
where that asset is traded, not the exogenous characteristics of that market.

After agents make their portfolio decisions, two shocks are realized. The first is an
idiosyncratic shock that determines whether an agent will have a consumption opportu-
nity in that period, and the second is an aggregate shock that determines whether asset B
will default in that period. Since purchasing the consumption good necessitates the use of
a medium of exchange (i.e., money) and carrying money is costly, in equilibrium, agents
who receive a consumption opportunity will visit a secondary market to sell assets and
boost their cash holdings. Hence, assets have indirect liquidity properties (they can be sold
for cash, although they do not serve directly as means of payment), and their equilibrium
price in the primary market will typically contain a liquidity premium, i.e., it will exceed
the fundamental value of holding the asset to maturity.

Our first result is that, other things equal, the safer asset carries a higher liquidity
premium, and that premium is increasing in the default probability of asset 5. The intu-
ition is as follows. An agent who turns out to be an asset seller can only visit one OTC
market at a time; since, typically, assets are costly to own due to the liquidity premium,
agents choose to ‘specialize’ ex-ante in asset A or B. Unlike sellers, who can only sell
assets they own and are therefore committed to the market corresponding to their chosen
asset, asset buyers are free to visit any market they wish, since their money is good to buy
any asset. As a result, if asset B defaults, all asset buyers will rush into the market for
asset A. A second, more subtle force is that agents who specialize in the (riskier) asset B
endogenously choose to carry more money for precautionary reasons. Consequently, as-

set B sellers need a smaller liquidity boost, which means that the surplus generated from



trades in the market for asset B is lower. This force attracts more buyers to the market
for asset A even if asset B does not default. Taken together, these forces imply that ex post
(and regardless of the default shock realization) more buyers are attracted to the market
for asset A, which in turn encourages agents to specialize in asset A ex ante, precisely be-
cause this asset will be easier to sell down the road. Through this channel a small default
probability for asset B can be magnified into a big endogenous liquidity advantage for
asset A, even with constant returns to scale (CRS) in the OTC matching technology.

So far we have assumed that all parameters other than asset safety are kept equal.
Allowing for varying asset supplies delivers the second important result of the paper.
Even with slight increasing returns to scale (IRS) in OTC matching, demand curves can
be upward sloping, because an asset in large supply is now more likely to be liquid. Con-
sequently, asset B can be more liquid than asset A, despite being less safe, as long as the
supply of the former is large enough compared to the latter.

The mechanism is as follows. When the supply of (say) asset B increases, so does
the trading volume in its associated OTC market, which in turn makes this market more
attractive to enter for both buyers and sellers. With CRS in the matching function, the
larger numbers of buyers and sellers balance out so that the matching probabilities of ei-
ther side are unchanged. And as more agents choose to specialize in asset B, each one
of them will hold a smaller amount, whereas the reverse is true for holders of asset A,
so that in equilibrium the surplus in any single trade is also balanced out across the two
OTC markets. (We dub this the dilution effect since the asset in larger supply is ‘diluted’
among more agents holding it.) Now, with IRS in the matching function, the matching
probabilities will not remain constant when more buyers and sellers enter market B, but
increase for both sides. As a result, following an increase in the supply of asset B, entry
into this market will remain attractive until the surplus of a single trade is substantially
smaller than it would be in the market for asset A. In other words, with IRS, increased
entry into a market tends to make this market even more attractive on the extensive mar-
gin, so entry will continue until the intensive margin becomes sufficiently unattractive
via the dilution effect — i.e., agents trading in the thicker market must be trading small
amounts, while agents in the smaller market trade larger amounts and get closer to satis-

tying their liquidity needs. But both of these forces imply that the asset in larger supply

2 There are two more parameters held equal in the background: the efficiency of matching in each OTC
market and the bargaining power of buyers versus sellers in each OTC market. Since our goal is to develop
a theory that links asset safety and asset liquidity in an unbiased way, we assume that these parameters are
always equal in both OTC markets. This guarantees that any difference in liquidity between the two assets
is driven exclusively by differences in safety and not by exogenous market characteristics.
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(and therefore with the thicker OTC market) will command a higher liquidity premium:
tirst, because of its higher matching probability, and second, because a lower quantity of
asset sold increases the marginal value of selling more, which is to say, the marginal value
of carrying more of the asset in the first place.

Our model can shed some light on the puzzling empirical observation that, in the
U.S,, the virtually default-free AAA bonds are less liquid than (the less safe) AA corpo-
rate bonds.® In recent years, regulations introduced to improve the stability and trans-
parency of the financial system (e.g., the Dodd-Frank Act) have made it especially hard
for corporations to attain the AAA score. As a result, the supply of such bonds has fallen
dramatically. During the same time, the yield on AA corporate bonds has been lower than
that on AAA bonds, even without controlling for the risk premium associated with the
riskier AA bonds. While it is plausible to attribute this differential to a higher liquid-
ity premium enjoyed by AA corporate bonds — and this is precisely what practitioners
have claimed — existing models of asset liquidity do not capture this stylized fact (for de-
tails, see Section 1.1). Our approach of combining the ‘indirect liquidity” mechanism with
endogenous market entry can capture this stylized fact, and not only qualitatively: in
Section 5, we calibrate our model and show it can reproduce the AA-AAA yield reversal
quantitatively as well.

The model also delivers a surprising result regarding welfare. A large body of recent
literature highlights that the supply of safe assets has been scarce, and that increasing this
supply would be beneficial for welfare (see for example Caballero, Farhi, and Gourinchas,
2017). In our model this result is not necessarily true: there exists a region of parameter
values for which welfare is decreasing in the supply of the safe asset. The intuition is as
follows. In our model agents have the opportunity to acquire additional cash by selling
assets in the secondary market. When the safe asset becomes more plentiful, agents expect
that it will be easier to acquire extra cash ex-post and, thus, choose to hold less money
ex-ante. This channel depresses money demand, which, in turn, decreases the values of

money and of the trade that the existing money supply can support.

3 For more details and empirical evidence, see Section 5.1. Moreover, there are other cases where the
common belief “safety and liquidity go together” is violated. Christensen and Mirkov (2019) document yet
another class of bonds — Swiss Confederation Bonds — that are extremely safe, but not particularly liquid.
And, vice versa, Beber, Brandt, and Kavajecz (2008) report that Italian government bonds are among the
most liquid, but also the most risky of Euro-area sovereign bonds.
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1.1 Literature review

Our paper is related to the “New Monetarist” literature (see Lagos et al., 2017) that high-
lights the importance of liquidity for the determination of asset prices; see Geromichalos,
Licari, and Sudrez-Lled6 (2007), Lagos (2011), Nosal and Rocheteau (2013), Andolfatto,
Berentsen, and Waller (2014), and Hu and Rocheteau (2015). Unlike these papers, where
assets serve directly as means of payment, here liquidity is indirect, since agents sell assets
for money in secondary asset markets. This approach is empirically relevant and inte-
grates the concepts of liquidity adopted by monetary economics and finance (Geromicha-
los and Herrenbrueck, 2016). The indirect liquidity approach is employed in several re-
cent papers, including Berentsen, Huber, and Marchesiani (2014, 2016), Han (2015), Mat-
tesini and Nosal (2016), Herrenbrueck and Geromichalos (2017), Herrenbrueck (2019a),
and Madison (2019).

Our work is also related to the literature that studies how frictions in OTC markets af-
fect asset prices and trade, such as Weill (2007, 2008), Lagos and Rocheteau (2009), Chang
and Zhang (2015), and Uslii (2019). Vayanos and Weill (2008) is conceptually related to
our paper, since the authors use a model with trade in OTC markets to rationalize a puz-
zling empirical observation known as the “on-the-run” phenomenon. A key ingredient
in their mechanism is the existence of short-sellers. Since short-sellers initially sell an
asset and eventually buy that asset back, their concentration in one asset (in conjunction
with increasing returns to scale in matching) increase the trading volume of that asset and
therefore its liquidity.*

Our paper is also related to the growing literature that studies the role of safe assets

in the macroeconomy. Examples include Gorton, Lewellen, and Metrick (2012), Piazzesi

4 Vayanos and Weill (2008) show that if assets differ enough in their supplies, there exists a unique equi-
librium where short-sellers concentrate in the largest-supply asset, thus making it more liquid. However, in
their model agents can only hold 0 or 1 unit of an asset, thus, an increase in an asset’s supply automatically
means that more agents must hold it. In our model, the mechanism is different, since asset holdings are
perfectly divisible and agents are free to hold any asset they wish regardless of the supply. As we have
already explained, an asset in larger supply implies a thicker OTC market for that asset, and a higher lig-
uidity premium, both because of a higher matching probability and because of a higher per trade surplus
generated in the OTC market. Also, notice that in Lester, Postlewaite, and Wright (2012) an asset in larger
supply is bound to be more liquid (even though the authors never discuss such a result). In that model, a
real asset competes with money as a medium of exchange, and producers can invest in a technology that
allows them to recognize and consequently accept the asset. Thus, a larger supply makes an asset more
likely to be accepted as a medium of exchange (thus more liquid), simply because it is more likely to make
it worthwhile for producers to invest in that technology. Again, our mechanism is completely different.
Also, neither of these papers study the relationship between asset safety and liquidity.
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and Schneider (2016), Caballero et al. (2017), Gorton (2017), Caballero and Farhi (2018),
and He, Krishnamurthy, and Milbradt (2019). None of these papers study the relationship
between asset safety and asset liquidity. Two recent exceptions are Infante and Ordofiez
(2020) and Ozdenoren, Yuan, and Zhang (2021). The former paper shows that increased
volatility and illiquidity in the economy will raise the price of safe assets due to their abil-
ity to hedge idiosyncratic risks. The latter shows that safe assets earn a liquidity premium
due to their ability to mitigate the adverse selection problem in asset markets.

Andolfatto and Martin (2013) consider a model where an asset, whose expected re-
turn is subject to a news shock, serves as medium of exchange. They show that the non-
disclosure of news can enhance the asset’s property as an exchange medium. As already
mentioned, the concept of (indirect) liquidity adopted here is different, and so is the con-
cept of safety. (The idea that some assets are more “information sensitive” is close to the
definition of safety adopted by Gorton and Ordonez (2021).) Here, an asset’s safety is sim-
ply the (ex-ante) probability with which the assets will pay the promised cash flow, which
is public knowledge and can be thought of (or approximated by) a credit rating agency’s
score. Rocheteau (2011) studies a model where bonds serve as media of exchange along-
side with money. The author shows that if the bond holders (and goods buyers) have pri-
vate information about the bond’s return, then money will endogenously arise as more
liquid asset (i.e., a better medium of exchange). In our paper the various assets’ safety
characteristics are public knowledge.

Our paper is also related to Lagos (2010), who considers a model where bonds, whose
return is deterministic, and stocks, whose return is stochastic, compete as media of ex-
change. The author quantitatively demonstrates that the equity premium puzzle can be
explained through a liquidity differential between the safe and the risky asset. Jacquet
(2021) employs a similar model, but includes a larger variety of asset classes and ex-ante
heterogeneous agents. The author shows that the equilibrium displays a “class structure”
in the sense that agents with different liquidity needs will only be willing to hold assets of
a certain risk structure. Our paper differs from the aforementioned papers, not only be-
cause it employs a different model of liquidity, but also because it predicts that an asset in
large(r) supply may carry a higher liquidity premium. This result is not present in Lagos
(2010) and Jacquet (2021), as in these papers the asset demand curve is decreasing. Thus,
our model of indirect liquidity and endogenous market entry can rationalize why assets
in limited supply can be highly illiquid, even when they enjoy a high credit rating (as in
the case of AAA corporate bonds in the U.S.), i.e., it can rationalize the reversal between
asset safety and liquidity.

He and Milbradt (2014) study a one-asset model where defaultable corporate bonds



are traded in an OTC secondary market, and show that the inverse bid-ask spread, which
is their proxy for bond liquidity, is positively related with credit ratings. However, in
their model the probability of trade between agents is exogenous. We define liquidity as
the ease with which an investor can sell her assets, if needed. We build a two-asset (easily
extended to an N-asset) model, where the probability of selling an asset depends on the
endogenous decision of agents to visit the various asset markets, which, in turn, is a func-
tion of each asset’s safety characteristics. Also, He and Milbradt (2014) employ the model
of Duffie et al. (2005) where assets are indivisible, i.e., agents can hold either 0 or 1 units of
the asset. Our model also incorporates OTC secondary asset trade a la Dulffie et al. (2005),
but does so within the monetary model of Lagos and Wright (2005), which allows us to
study perfectly divisible asset holdings, and opens up a number of new insights. Such
insights include the possibility of upward-sloping demand curves, the possibility that a
riskier asset can be more liquid in general equilibrium, and the fact that welfare can be
decreasing in the supply of safe assets.

In related empirical work, Krishnamurthy and Vissing-Jorgensen (2012) distinguish
between asset safety and liquidity, and extract safety and liquidity premia from the data to
explain why Treasury yields have been decreasing. Their model identifies the safety pre-
mium through the spreads between AAA and BAA bonds, assuming that both of these
types of bonds are equally illiquid. The present paper demonstrates that certain assets
may carry different liquidity premia precisely because they are characterized by different
default risks. This, in turn, highlights that we need more theory that studies the relation-
ship between asset safety and liquidity, and we view the present paper as a part of this
important agenda.

The rest of this paper is organized as follows. In Section 2, we describe the base-
line model, and we solve it in Section 3. We present our main results in Section 4, and
calibrate the model in Section 5. The Appendix contains further details including micro-

foundations for key assumptions of our model, and proofs.

2 The Model

Our model is a hybrid of Lagos and Wright (2005) (henceforth, LW) and Duffie et al.
(2005). Time is discrete and continues forever. Each period is divided into three subperi-
ods, characterized by different types of trade (for an illustration, see Figures 1-2 below).
In the first subperiod, agents trade in OTC secondary asset markets. In the second sub-
period, they trade in a decentralized goods market (DM). Finally, in the third subperiod,



agents trade in a centralized market (CM). The CM is the typical settlement market of LW,
where agents settle their old portfolios and choose new ones. The DM is a decentralized
market characterized by anonymity and imperfect commitment, where agents meet bilat-
erally and trade a special good. These frictions make a medium of exchange necessary,
and we assume that only money can serve this role. The OTC markets allow agents with
different liquidity needs to rebalance their portfolio by selling assets for money.

Agents live forever and discount future between periods, but not subperiods, at rate
B € (0,1). There are two types of agents, consumers and producers, distinguished by
their roles in the DM. The measure of each type is normalized to the unit. Consumers
consume in the DM and the CM and supply labor in the CM; producers produce in the
DM and consume and supply labor in the CM. All agents have access to a technology
that transforms one unit of labor in the CM into one unit of the CM good, which is also
the numeraire. The preferences of consumers and producers within a period are given by
UX,H,q) =X — H+u(g) and V(X, H,q) = X — H — ¢, respectively, where X denotes
consumption of CM goods, H is labor supply in the CM, and ¢ stands for DM goods
produced and consumed. We assume that u is twice continuously differentiable, with
uw > 0,u(0) = o0, u(c0) =0, and u” < 0. The term ¢* denotes the first-best level of trade
in the DM, i.e., it satisfies «'(¢*) = 1. All goods are perishable between periods.

Notice that the agents dubbed “producers” will never choose to hold any assets, as
long as these assets are priced at a premium for their liquidity. (Why pay this premium
when they know they will never have a liquidity need in the DM?) As a result, all the
interesting portfolio choices are made by the “consumers”. Thus, henceforth, we will refer
to the “consumers” simply as “agents”. When we use the terms “buyer” and “seller”, it
will be exclusively to characterize the role of these agents in the secondary asset market.

There is a perfectly divisible object called fiat money that can be purchased in the CM
at the price ¢ in terms of CM goods. The supply of money is controlled by a monetary
authority, and follows the rule M, ; = (1+4pu)M,, with i > f—1. New money is introduced
if u > 0, or withdrawn if 4 < 0, via lump-sum transfers in the CM. Money has no intrinsic
value, but it possesses all the properties that make it an acceptable medium of exchange
in the DM, e.g., it is portable, storable, and recognizable. Using the Fisher equation,
we summarize the money growth rate by « = (1 + p — 3)//3; this rate will be a useful
benchmark as the yield on a completely illiquid asset. (Thus, i should not be thought of
as representing the yield on T-bills; see Geromichalos and Herrenbrueck, 2021.)

There are also two types of assets, asset A and asset B. These are one-period, nominal
bonds with a face value of one dollar; their supply is exogenous and denoted by S4, Si.
Asset j = {A, B} can be purchased at price p; in the CM, which we think of as the pri-



mary market. After leaving the CM agents receive an idiosyncratic consumption shock
(discussed below) and may trade these assets before maturity in a secondary OTC mar-
ket. Each asset j trades in a distinct secondary market, which we dub OTC,, j = {4, B}.
To make things tractable, we assume that agents can only hold asset A or asset B, and
can visit only one OTC market per period. (In Section 2.1 we discuss this assumption in
detail, and we relax it in Appendix C.) Thus, we say they “specialize” in asset A or B.
However, agents are free to choose any quantity of money and the asset of their choice.
The economy is characterized by two shocks, both of which are revealed after the
CM closes and before the OTC round of trade opens. The first is an aggregate shock that
determines whether asset B will default or not in that period.” More precisely, we define
the aggregate state s = {n,d} (n for “normal” and d for “default”); with probability r,
s = n and each unit of asset B pays the promised dollar, but with probability 1 — 7, s = d
where asset B defaults and pays nothing. Throughout the paper we assume that asset A
is a perfectly safe and default-free asset.® This aggregate default shock is iid across time.
The second shock is an idiosyncratic consumption shock determining whether an
agent will have an opportunity to consume in the DM. Only a fraction ¢ < 1 of agents
obtains this opportunity. Thus, a measure ¢ of agents will be of type C (“Consuming”),
and a measure 1 — ¢ of agents will be of type N (“Not consuming”). This shock is iid
across agents and time. Since the various types are realized after agents have made their
portfolio choices in the CM, N-types will typically hold some cash that they do not need in
the current period, and C-types may find themselves short of cash, since carrying money
is costly. Thus, in the OTC market, C-types will play the role of assets sellers and N-types
will be the asset buyers. The goal of this market is to reallocate money into the hands of

the agents who need it most, i.e., the C-types.”

> The timing adopted here, i.e., assuming that the aggregate shock is revealed before agents go to the
OTC, captures the idea that when an asset defaults, trade in its secondary market will also be impeded,
which will affect its liquidity. Exploring this link between default and asset liquidity is one of the main
goals of our paper. Thus, assuming that agents find themselves in the secondary round of trade after
learning that asset B has defaulted better corresponds to our research question.

® Our results are robust to different model specifications. For instance, modeling asset A as a default-free
asset is done for simplicity and because many real-world assets characterized as AAA are virtually default
free. However, all one needs is that asset A defaults with a lower probability than asset B. To simplify
the presentation in the main text, we assume for now that when asset B defaults, it defaults completely;
however, we derive the model with partial default (fraction p < 1 of asset B’s face value can be recovered)
in Appendix A.8, and we account for this in the calibration.

7 The first paper to incorporate this idea into the LW framework is Berentsen, Camera, and Waller (2007),
but there the reallocation of money takes place through a competitive banking system.
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As we have discussed, agents can only trade in one OTC market per period, and they
will choose to trade in the market where they expect to find the best terms. Suppose that
a measure C; of C-types and a measure NV; of N-types have chosen to trade in the market

for asset j = { A, B}. Then, the matching technology:

f(C5.N;) = (%) 7 (C;N;)", n € [0,1], M

determines the measure of successful matches in OTC;. The suggested matching function
satisfies f(C, N) < min{C, N}, and is useful because it admits both constant and increas-
ing returns to scale (CRS and IRS, respectively) as subcases: when = 0, the matching
technology features CRS, while 1 > 0 implies IRS. Within each successful match the buyer
and seller split the available surplus based on proportional bargaining (Kalai, 1977), with
9 € (0,1) denoting the seller’s (C-type’s) bargaining power.® Notice that the matching
technology and the bargaining protocol are identical in both OTC markets. This guaran-
tees that any differences in liquidity between assets A and B will be driven by differences
in safety, and not by exogenous market characteristics (see footnote 2).

Since all the action of the model takes place in the CM and, more importantly, the
OTC markets, we wish to keep the DM as simple as possible. To that end, we assume that
all C-type consumers match with a producer, and they make a take-it-or-leave-it offer.

Figures 1 and 2 summarize the timing of events and the important economic actions
of the model. A few details are worth emphasizing. First notice that agents who turn out
to be C-types are committed to visit the OTC market of the asset they chose to specialize
in. (One cannot sell asset B in OTC,4.) However, this is not true for N-types: an agent
who turns out to be an N-type can visit either OTC market, because her money is good
to buy any type of assets. This has an important consequence. In the default state (see
Figure 2), OTCp will shut down so all N-types will rush into OTC4. And what about
the agents who specialized in asset B and turned out to be C-types? Unfortunately, they
must proceed to the DM only with the money that they carried from the CM. But it is
important to remember that agents are aware of this possibility and may choose to hold
asset B anyway. Part of what makes this choice optimal is that they may pay a low(er)

price for asset B and choose to carry more money as a precaution.

8 The proportional bargaining solution is more tractable than the Nash solution. Moreover, in recent
work, Rocheteau, Hu, Lebeau, and In (2021) solve a sophisticated model of bargaining with strategic foun-

dations, and find that, under fairly general conditions, their solution converges to the proportional one.

10



time t-1 timet

A
v

CM shocks realize OTC DM CM

C-type with A Asset A seller

specializing
in Asset A

agents agents

specializing

in Asset B
C-type with B Asset Bseller  C-type agent
producers e ° e producers
producer
Figure 1. Timeline when both assets pay out
time t-1 timet
CM shocks realize OTC DM CM
C-type with A Asset A seller
specializing
in Asset A
Asset A buye
agents agents
specializing
in Asset B
C-type with B C-type agent
producers e ° e producers
producer

Figure 2. Timeline when asset B defaults

11



2.1 Discussion of modeling assumptions and microfoundations

A key assumption in our analysis that makes our model tractable and enables us to get
analytical results is that secondary markets are segmented and agents must specialize
in one asset in the CM. The first part of this assumption is certainly realistic: different
classes of assets trade in distinct secondary markets, and most fixed income dealers do
not intermediate multiple kinds of securities, since there is a cost to becoming an expert
in a specific security. (For instance, in investment banks different “desks” are in charge
of trading different types of securities, so they are committed ex-ante to a specific class of
assets.) The second part of the assumption, according to which agents must specialize in
one asset in the CM, is just a stark way to capture the idea that even if investors can hold
multiple assets and visit multiple secondary markets, they will visit more frequently the
market where they expect to find better trading conditions.’

There is an extensive empirical finance literature reporting that asset markets are
segmented from one another (Allen and Gale, 1994; Edmond and Weill, 2012). Many of
these papers study specific examples of assets that have (almost) identical characteristics,
yet are traded in distinct secondary markets with different degrees of liquidity, and thus
sell at different prices (e.g., Warga (1992) for “on-the-run” vs “off-the-run” Treasury bonds
that have identical payouts; and Andreasen, Christensen, and Riddell (2021) for Treasury
Inflation Protected Securities, which sell at a significant discount compared to common
Treasuries after controlling for expected inflation).

Thus, adopting a model with some market segmentation is not only theoretically
interesting, but also empirically relevant. However, one may still wonder whether we
need this strong version of market segmentation, whereby each agent can only hold one
asset at a time, and we investigate this question in several steps. First, in Section 4.3, we
discard the segmentation assumption altogether and assume that agents can trade both
assets in a consolidated secondary market. We show that market segmentation is not
necessary for our first result (safety implies liquidity), but it is essential for our second
result (a possible “disconnect” between asset safety and liquidity). Then, in the Appendix,
we consider versions of the model with weaker segmentation assumptions.

In Appendix C.1, we relax the assumption that each agent must hold only one asset,
and replace it with the assumption that they can hold both assets but visit only one OTC

market per period. This allows agents to “specialize” in asset B (and visit OTCp in the

° This assumption is analogous to a discrete choice model; such models are popular in economics (es-
pecially in Industrial Organization) because they offer a tractable way of modeling individual consumer

choice over various goods while permitting a realistic description of aggregate market shares.

12



normal state), while carrying some asset A for precautionary motives, i.e., with an inten-
tion to sell it in OTC, in the case that asset B defaults. We find that despite giving agents
the option to carry asset A as a precaution, they choose to not exercise it. The main rea-
son is that asset A does not provide cheap insurance; it carries a hefty liquidity premium.
Moreover, agents in our baseline model already had a way of insuring themselves against
the default shock: they could bring money.

In Appendix C.2, we we develop a model with two distinct marketplaces. Agents can
pay an ex-ante cost, x1, and visit the “segmented marketplace”, which consists of two
submarkets, OTC4 and OTCp. Once in this marketplace, agents must choose to visit ei-
ther OTC, or OTCp, exactly as in our baseline model. Alternatively, agents can pay an
ex-ante real cost, ko, and visit a “consolidated marketplace”, where they can trade both
assets A and B in a single OTC market. Since the consolidated marketplace offers agents
the option to trade both assets, one may expect that all agents would be attracted there.
Our results show this is not the case because our model also contains a force that makes
the segmented marketplace desirable. The intuition is as follows. As an asset seller the
agent may (or may not) prefer the consolidated marketplace because it offers a form of
insurance in case asset B defaults. However, as an asset buyer the agent always prefers
the segmented marketplace because it offers her the ex-post flexibility of visiting either
submarket, and, crucially, avoiding OTCp in the default state. In contrast, in the consol-
idated marketplace, the whole market, including the N-types, is subject to the default of
asset B, and there is no way to avoid it.

In sum, we show that the strong market segmentation adopted in the baseline model
as an assumption arises as an endogenous equilibrium outcome in a more general model where
agents are given the option to avoid such segmentation, and is consistent with empirically

plausible parameters.

3 Analysis of the Model

3.1 Value functions, bargaining, and matching probabilities

In order to streamline the analysis, we relegate the derivations of the value functions and
the solutions of the various bargaining problems to Appendix A.1-A.2. Here is a summary
of this analysis. As is standard in models that build on LW, all agents have linear value
functions in the CM, a result that follows from the (quasi) linear preferences. This makes
the bargaining solution in the DM easy to characterize. Consider a DM meeting between

a producer and a C-type agent who carries m units of money, and define m* = ¢*/¢ as
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the amount of money that (given the price ¢) allows the agent to purchase the first-best
quantity, ¢*. Then, either m > m*, and the buyer can purchase ¢*, or m < m*, and she
spends all of her money to purchase the amount ¢ = pm < ¢*.

Next, consider a meeting in OTC}, j = {A, B}, where the N-type brings a quantity
of money, and the C-type brings a portfolio (m, d;) of money and asset j. Since money is
costly to carry, in equilibrium we will have m < m*, and the C-type will want to acquire
the amount of money that she is missing in order to reach m*, namely, m* — m. Whether
she will be able to acquire that amount of money depends on her asset holdings. If her
asset holdings are enough (of course, how much is “enough” depends on the bargaining
power 0), then she will acquire exactly m* — m units of money. If not, then she will give
up all her assets to obtain an amount of money £(m,d;) < m* — m, which is increasing
in d; (the more assets she has, the more money she can acquire) and decreasing in m (the
more money she carries, the less she needs to acquire through OTC trade). This last case,
where assets are scarce, is especially interesting, because it is precisely then that having
a few more assets would have allowed the agent to alleviate the binding cash constraint,
which is why an asset price will carry a liquidity premium.

This discussion assumes that m +m > m*, i.e., that the money holdings of the C-type
and the N-type pooled together are enough to allow the C-type to purchase the first best
quantity ¢*. We restrict attention to this case for two reasons. First, our calibration in Sec-
tion 5 reveals that this case is the relevant one (see footnote 24). Second, the equilibrium
associated with the complementary case, where m + m < m*, would imply that none of
the assets carry a positive liquidity premium, a result which is clearly unrealistic. The
reason is simple: when m + m < m*, the money of the two agents pooled together is so
scarce that asset holdings become relatively plentiful. Given these two points, we choose
to restrict attention to m +m > m*. This simplifies the analysis since it implies that we do
not need to keep track of N-types” money holdings.

One of the innovations of our paper is that the OTC matching probabilities are a
function of agents’” entry choices. Let ec € [0, 1] be the fraction of C-type agents who
specialize in asset A and are thus committed to trading in OTC,4, no matter the eventual
aggregate state. And let e}, € [0, 1] be the fraction of N-type agents who enter OTC, in
aggregate state s = {n, d}. (These terms will be carefully described in Section 3.4.) Then,
in state s, e/ is the measure of C-types and e (1 — /) is the measure of N-types who enter
OTC 4. Similarly, (1—e¢)? is the measure of C-types and (1 —e3,)(1—/) is the measure of N-
types who enter OTCp. As a result, we need to track eight different matching probabilities

s
137

af;, of an i-type who enters OTC; in state s (though ol = a4, = 0 will be trivially true
yp j gh Acp NB y

in the full-default version of our model).
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The matching probability of a C-type who enters OTC, in a non-default state pro-
vides a representative example:
flect, ey (1 — 1))

n —
(0% = =
cA ol [

en(l—10)
ecl +eR(1—1)

} lecl + ey (1 —0)].

It is the product of two terms: a standard market tightness term whereby an asset seller
benefits from asset buyers entering on the other side of the market but is congested by
asset sellers entering on the same side, and a market size term whereby any market par-
ticipant benefits from any other market participant’s presence. This market size term is

governed by the elasticity 1, and in particular it is shut down when n = 0.

3.2 Optimal portfolio choice

As is standard in models that build on LW, all agents choose their optimal portfolio in the
CM independently of their trading histories in previous markets. In our model, in addi-
tion to choosing an optimal portfolio of money and assets, (1, d A, d ), agents also choose
which OTC market they will enter in order to sell or buy assets, once the shocks have
been realized. The agent’s choice can be analyzed with an objective function, J (1, d A, d B),

which we derive in Appendix A.3 and reproduce here for convenience:

J(,dy,dp) = — (i + pada + pedp) + B@(i + dy + mdp)

+ 8¢ (ul@rm) — @i + mmax{afaSea, abpSen} + (1 - MadaSea),

where S¢; is the surplus of an agent who turns out to be a C-type and trades in OTC;:
Sy = u(@(i + & (. d;))) — u(@im) = @x; (i, dy).

In the above expression, §; stands for the amount of money that the agent can acquire by
selling assets, and x; stands for the amount of assets sold in OTC;, j = {A, B}.

The interpretation of J is straightforward. The first term is the cost of choosing the
portfolio (112, d4, dp). This portfolio yields the expected payout ¢(ii + da + 7dg) in next
period’s CM (the second term of .J). The portfolio also offers certain liquidity benefits,
but these will only be relevant if the agent turns out to be a C-type; thus, the term in the
second line of J is multiplied by ¢. The C-type can enjoy at least u(¢m) — ¢m just with
the money she brought from the CM. Furthermore, she can enjoy an additional benefit
by selling assets for cash in the secondary market. How large this benefit is depends on
the market choice of the agent (the term inside the max operator) and on the realization
of the aggregate shock: if asset B defaults, an event that happens with probability 1 — 7,
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a C-type who specialized in that asset has no benefit. A default of asset B is not the only
reason why the C-type may not trade in the OTC markets; it may just be that she did not
match with a trading partner. This is why the various surplus terms S¢; are multiplied

by the a-terms, i.e., the matching probabilities discussed in Section 3.1.1°

3.3 Equilibrium

We focus on steady-state equilibria. Before we move on to characterizing possible equi-
libria, we first need to understand their structure. We have twelve endogenous variables

to be determined in equilibrium (not including the terms of trade in the OTCs):

¢ priceS: ©, PAs PB

e real balances: z4, zp

e entry choices: e, (= el =el), e, e4

* DM production: goa(= qg4 = qu% QA= qfy = qu)? q0B(= @5 = qu% a18(= qip)

In this list of equilibrium variables, the asset prices are obvious, and z;, j = {4, B},
is simply the real balances held by an agent who chooses to specialize in asset j. The
remaining terms deserve some discussion. First, notice that the fraction of C-types who
enter OTC,4, e., does not depend on the aggregate state s = {n,d}. This is because C-
types are committed to visiting the OTC market of the asset they chose to specialize in
(and this choice is effectively made before the realization of the shock).

Regarding the DM production quantities g;, & = {0,1} indicates whether the C-
type did (k = 1) or did not (k = 0) trade in the preceding OTC market, and j = {4, B}
indicates the asset in which she specializes. For example, ¢4 is the amount of DM good
purchased by an agent who specialized in asset A and did not match in OTCy,, and so
on. These quantities do not depend on the aggregate state s = {n, d}. To see why, notice
that ¢go1 depends only on the amount of real balances that the agent carried from the CM
(this agent did not trade in the OTC), and that choice was made before s was realized.
The same reasoning applies to gyp. How about the term ¢;4? This term depends on the
real balances that the agent carried from the CM (which, we just argued, is independent

of the shock realization), and on the amount of assets this agent carries from the CM (see

10 There are two reasons why the objective function does not contain any term that represents the event
in which the agent is an N-type. First, and most obviously, N-types are defined as the agents who do not
get to consume in the DM. Second, the OTC terms of trade, x and &, depend only on the portfolio of the
C-type. An intuitive explanation was presented in Section 3.1; for the details, see Appendix A.2.
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Section 3.1). How many assets does this agent carry? The answer is S4/e: the exogenous
asset supply, S4, divided by the measure of agents who specialize in asset A. Since Sy is
a parameter, and e, is independent of the state s, the same will be true for the term ¢ 4.

To simplify the exposition of the equilibrium analysis, we focus on the block of vari-
ables {qoa,q14,908,018,€c,€% }, which we refer to as the “core” variables. In Appendix A.6,
we establish that the remaining variables, {24, 25,¢,p4,p5}, follow immediately once the
core variables have been determined. Of course, €% is always equal to 1. To determine
our six core variables, we proceed as follows.

First, we have two money demand equations for agents who specialize in asset A and
B: Equations (A.14)-(A.15) in Appendix A.6, derived in Appendix A.5. What is important
to remember here is that agents who choose to specialize in different assets will typically
carry different amounts of money; not surprisingly, agents who choose to carry the less
safe asset B self-insure against the probability of default (and the shutting down of OTC3)
by carrying more money:.

Next, we use asset market clearing to solve for the outcome of the OTC bargaining
protocol in a form that involves only core equilibrium variables: Equations (A.16)-(A.17)
in Appendix A.6. Intuitively, they state that if the agent’s asset holdings are large, then
¢1j = ¢, because the agent will acquire (through selling assets) the money necessary to
purchase the first-best quantity, and no more. In contrast, if the agent’s asset holdings
are scarce, she will give up all her assets and purchase an amount of DM good equal to
qoj (the amount she could have purchased without any OTC trade) plus the additional
amount she can now afford by selling assets for extra cash.

Our last two equilibrium conditions come from the optimal OTC market entry deci-
sions of agents. An important remark is that the OTC surplus of N-types does not depend
on their portfolios (see Section 3.1 or A.2), whereas the OTC surplus of C-types does de-
pend on their portfolios. Hence, in making their entry decisions, C-types consider not
only the expected surplus of entering in either market, as is the case for N-types, but also
the cost associated with each entry decision. Another way of stating this is to say that
ec is determined ex ante and represents the decision to specialize in asset A, while €Y is
determined ex post and represents the fraction of N-types who enter OTC, in the normal
state. Therefore, the optimal entry of C-types is characterized by:

L Sca > Scp
€o = 0, SCA < SCB (2)
€ [07 1]7 SC'A - SCB )

where the ex-ante surplus terms Sca and Scp are defined in Equations (A.18)-(A.19). The
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optimal entry of N-types is characterized by:

1, OZX[ASNA > @%BSNB
6% = 0, OZ%ASNA < O-/%BSNB (3)

€ [0, 1], @R[ASNA = OéRfBSNB s

in the normal state, where the ex-post surplus terms Sy4 and Sy are defined in Equa-
tions (A.20)-(A.21), and by:

>0
=9 o @
S [07 1], ec =0,

in the default state.

We can now define the steady-state equilibrium of the model:

Definition 1. For given asset supplies {54, Sg}, the steady-state equilibrium for the core
variables of the model consists of the equilibrium quantities and entry choices, {goa, ¢14,
qoB, 18, €c, €} }, such that (A.14), (A.15), (A.16), (A.17), (2) and (3) hold. The equilibrium
real balances, {z4,25}, satisfy (A.10), the equilibrium price of money, ¢, solves (A.11), and

the equilibrium asset prices, {pa,pr}, solve (A.12) and (A.13).

3.4 Equilibrium market entry

In this section we analyze the optimal entry decision of agents, which is at the heart of our
model. To begin with, we fix a value of e, (the fraction of agents who specialize in asset A
and, if they should turn out to be C-types, are thus committed to sell in OTC 4), compute
the rest of the core equilibrium variables optimally (including the entry decision of N-
types in the normal state, e}, (e-)), and then evaluate the best response of a representative
agent to our initial guess of e.. This task becomes easier by recognizing that there are
three opposing forces at work. We dub them the congestion effect, the coordination effect,
and the dilution effect; they are described in detail in Appendix A.7, so we focus on an
intuitive summary here.

First, a high initial e will discourage the representative agent from holding asset A
because it implies that there will be many sellers in OTC 4; holding the measure of buyers
constant, it becomes harder to match for each of the sellers. This is the “congestion effect”.
However, a high e also attracts buyers to market 4, i.e., it implies a high e}, which in
turn improves sellers” matching probability and encourages the representative agent to
hold asset A; this is the “coordination effect”. With CRS the two effects tend to balance

out, while with IRS the coordination effect becomes stronger. A more subtle force is the
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“dilution effect”. When e, is high, many agents specialize in asset A, and each one of
them carries a small fraction of the (fixed) asset supply. As a result, the surplus generated
per meeting in OTC 4 will be small, another force that discourages the representative agent
from holding asset A when many others already do so.

Moving to the formal analysis, we construct equilibria as fixed points of ec. To be
specific: first, we fix a level of ec; then we solve for the optimal portfolio choices through
equations (A.14)-(A.17) and (3); and finally, we define the C-types’ best response function:

G(GC) = SCA — SCB,

where the surplus terms have the optimal choices substituted. This function measures the
relative benefit to an individual C-type from specializing in asset A over asset B3, assuming
a proportion ec of all other C-type agents specialize in A, and all other decisions (portfolios
and entry of N-types) are conditionally optimal. We say that a value of ec is part of an
“interior” equilibrium if e € (0,1) and G(ec) = 0, or a “corner” equilibrium if e = 0
and G(0) < 0 (B-corner) or ec = 1 and G(1) > 0 (A-corner).

Proposition 1. The following types of equilibria exist, and have these properties:

(a) There exists a corner equilibrium where e, = 0, €5, = % = 0.

(b) There exists a corner equilibrium where e, = 1, % = €% = 1.

(c) Assumen = 0 (CRS) and asset supplies are low enough so that assets are scarce in OTC trade.
Then, lim._ oy G(eg) > 0 > G(0); the equilibrium at the B-corner is not robust to small
trembles.

(d) Assumen = 0 (CRS) and asset supplies are low enough so that assets are scarce in OTC trade.
Then, lim, 1 G(ec) < G(1). If 7 — 1, then the limit is negative, and the equilibrium at the
A-corner is not robust, either.

(e) Assumen = 0 (CRS), m — 1, and asset supplies are low enough so that assets are scarce in
OTC trade. Then, there exists at least one interior equilibrium which is robust.

(f) Givenn > 0 (IRS), lim,_ 01 G(eq) # G(0).

(g) Givenn > 0(IRS), lim, 1 G(ec) = G(1) > 0; the equilibrium at the A-corner is robust.

Proof. See Appendix B.1. O

Figures 3 and 4 illustrate these results for the CRS and the IRS case, respectively. The
left panel of each figure depicts the individual C-type’s best response function, G(ec).
Since this function depends not only on the behavior of fellow C-types, but also on that of

N-types, on the right panel of each figure we show the optimal entry choice of N-types,
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Figure 3. C-types’ incentive to deviate and N-types” optimal entry choice, given e, for
the case of CRS

Notes: The figure depicts the function G(e.) = Sca — Scp (left panel) and the optimal response of N-types,
e} (right panel), as functions of aggregate e, assuming CRS in matching (n = 0). Equilibrium entry is
illustrated for three levels of asset supply S4, keeping the supply of asset B constant. The parameters used
in the figure are: M =1,¢=0.1,£ = 0.5,0 = 0.5, 7 = 0.95, S4 = {0.05,0.09,0.14}, Sp = 0.14, with log
utility. We refer to the corner with ec = 0 (all C-types are specializing in asset B) as the B-corner, and the
corner with ec = 1 (all C-types are specializing in asset A) as the A-corner.

e, as a function of ec. The figures also illustrate how equilibrium entry is affected by
changes in the supply of asset A, keeping the supply of asset B constant.

As indicated in the right panel of each figure, we have e} (0) = 0 and €% (1) = 1
when all C-types are concentrated in one market, the N-types will follow. Generally, the
higher e, is, the more N-types would like to go to market A: this is just the coordination
effect and it tends to make e} (e ) increasing. Whether it will be strictly increasing or
not, ultimately depends on the strength of the dilution effect relative to the coordination
effect. This is why in both figures, e} (e ) is increasing when A is large: it is a large asset
supply that weakens the dilution effect.!

Next, we have G(0) < 0 and G(1) > 0, while e},(0) = 0 and €},(1) = 1. This illustrates

parts (a) and (b) of Proposition 1; the corners are always equilibria (marked with circles on

1 There is also a difference between the two figures. In Figure 3 (CRS case), e’ (e, is strictly increasing
in its entire domain. However, in Figure 4 (IRS case), and for the case of large 54, e} (e.) reaches 1 for a
rather small value of e, and becomes flat afterwards. This is because with IRS, the desire of N-types to go
to the market with many C-types, i.e., the coordination effect, is supercharged.
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Figure 4. C-types’ incentive to deviate and N-types” optimal entry choice, given e, for
the case of IRS

Notes: The figure depicts the function G(e.) = Sca — Scp (left panel) and the optimal response of N-types,
e (right panel), as functions of aggregate e, assuming IRS in matching (n = 0.3). Equilibrium entry is
illustrated for three levels of asset supply S4, keeping the supply of asset B constant. The parameters used
in the figure are: M =1,¢=0.1,¢£ = 0.5,0 = 0.5, 7 = 0.95, S4 = {0.05,0.09,0.14}, Sp = 0.05, with log
utility. We refer to the corner with ec = 0 (all C-types are specializing in asset B) as the B-corner, and the
corner with ec = 1 (all C-types are specializing in asset A) as the A-corner.

the left panel of the figures). However, with CRS these equilibria are not robust because G
is discontinuous at the corners; this illustrates parts (c) and (d) of the proposition.!? Also,
with CRS the congestion effect is so dominant that the G-function is globally decreasing in
the interior, as shown in part (e) of the proposition and illustrated in Figure 3. Therefore,
there exists a robust interior equilibrium where the representative C-type is indifferent
between entering market A or B; i.e., G(ec) = 0. As the supply of asset A increases, so
does the equilibrium value of e¢, because a larger asset supply weakens the dilution effect
and increases the incentives of agents to concentrate on market A.

Moving on to the IRS case, the two corner solutions are still equilibria, and since IRS
strengthen the coordination effect, the equilibrium where all agents go to OTCy4 (e =

12More precisely, they are not “trembling hand perfect” Nash equilibria. Consider for example the
equilibrium with e}, = e, = 1 (a similar argument applies to the one with e}, = e, = 0). Since all N-types
visit market A, the representative C-type also wishes to visit that market. (Why try to trade in a ghost
town, which OTCp is in this case?) However, if an arbitrarily small measure ¢ of N-types visited market
B by error, the representative C-type would have an incentive to deviate to market B, where her chance of
matching is now extremely high (since e, = 1, she would be the only C-type in that market).
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ec = 1) is now robust (part (g) of the proposition). This may or may not be true for the
B-corner (e = e, = 0), depending on the values of 7 and 7."® Figure 4 demonstrates
the case of non-robustness; as shown in part (f) of the proposition, the best response
function is discontinuous at the B-corner, though it is continuous at the A-corner. With
the coordination effect amplified, multiple interior equilibria are typical (as in the case
of “small S4” and “medium S,”). However, the only robust interior equilibrium is the
one where G has a negative slope. A rise in S will lead to an increase in the (interior
and robust) equilibrium value of ec. But with IRS, another interesting possibility arises:
if S, is large enough, the desire of agents to coordinate on OTC, is so strong that interior
equilibria cease to exist. This is depicted in the “large S4” case, where one can see that

the A-corner (with e}, = ec = 1) is the unique robust equilibrium entry outcome.

3.5 Liquidity premia

Most of our main results will be about the liquidity premia assets A and B may carry. In
equilibrium, asset prices consist of a “fundamental value” multiplied by a premium that
reflects the possibility of selling the asset in the OTC market. We define the fundamental
value of an asset as the equilibrium price that would emerge if this possibility was elimi-
nated. In that case, agents would value the assets only for their payouts at maturity, and
the equilibrium prices would be given by 1/(1 + ), for asset A, and 7 /(1 + ¢), for asset B.

The liquidity premium of asset j, denoted by L, is therefore defined as the percent-

age difference between an asset’s price and its fundamental value:

1 T
Pa = 1—_H(1+LA)7 P = 1—+Z.(1+LB)7 ()
where p4 and pp are described by the asset pricing equations (A.12) and (A.13), and:
6
Ly=t0-(mad,+(1—mad,)- (! - 1),
A (7T cat+(L—m) C’A) wo(qin) (u'(q1a) — 1)

) ©
Ly = Iz CléTCLfB . m . (u/(QIB) — 1)

13 Consider first the equilibrium with e}, = e, = 1. With IRS the desire to go to OTC4 (where all agents
are concentrated) is so strong that, even if some N-types visit OTCp by error, the representative C-type no
longer has an incentive to deviate to that market (unlike the CRS case; see footnote 12). But the channel
described so far is relevant for both corners. So why is the equilibrium where all agents go to OTC s not
always robust as well? Because OTCp is the market of the asset that may default. When that happens
(ex-post), all N-types will rush to market 4, i.e., €4, = 1, and this creates an additional incentive for the
representative C-type to deviate to market A (a decision made ex-ante). This additional incentive will be
relatively large, when 7 is low (high default probability) and 7 is low (weak coordination effect). Therefore,
the equilibrium with e}, = e = 0 is likely to be non-robust for relatively low values of 7 and 7.

22



Each liquidity premium is the product of four terms. First, the probability that an agent
turns out to be a C-type and thus needs liquidity at all (¢). Second, given that the agent is
a C-type, the expected probability of matching in the respective OTC market, conditional
on entering that market. Third, the share of the marginal surplus captured by the C-
type (6/wp), which is endogenous but constrained to the interval (0, 6]. And fourth, the
marginal surplus of the match: the utility gained by a consumer who brings one more
unit of real balances into the DM, net of the production cost (u'(q1;) — 1).

Thus, there are two ways a liquidity premium can be zero: either the relevant OTC
market is closed (ac; = 0), or assets are so plentiful that selling an extra asset in the OTC
does not create additional surplus in the DM (¢1; = ¢, thus «/(¢;;) = 1). In the latter case,
the asset is still “liquid”, but its liquidity is inframarginal so it does not affect the price.

4 Main Results

4.1 Result 1: Safe and liquid

The first result of the paper is that, other things equal, the safer asset (A) tends to be
more liquid. We demonstrate this result adopting the liquidity premium as the measure
of liquidity. However, in Appendix B.4, we confirm that this result remains valid if one
adopts trade volume in the OTC market as the measure of asset liquidity (this approach
is common in the finance literature). Throughout Section 4.1, we assume that the supplies
of the two assets are equal (S4 = Sp), in order to focus on liquidity differences purely
due to the assets’ safety differential. Because of the complexity of our model, we break
our analysis into two stages.!* First, we take a local approximation of our model around
m — 1, assuming CRS (n = 0). The perturbation of this specification with small changes
in 7 can be solved in closed form (see Appendix B.2). Second, in order to obtain global
results away from 7 — 1, and to conduct comparative statics with respect to 1, we solve

the model numerically. The following proposition summarizes our analytical results:

Proposition 2. Assume that asset supplies S 4 and S are equal and are low enough so that assets
are scarce in OTC trade. Then:

14 Our model has six “core’ equilibrium variables, most of which show up in multiple equations; these
equations are non-linear and include kinks, due to the various branches of the bargaining solutions and
the agents” market entry decisions. Simply put, every time a parameter value changes, all six endogenous
variables are affected by simultaneous and, typically, opposing forces. For more detail, one can inspect
matrix equation (B.8) in the Appendix, which describes the effect of changes in = on the core variables in

general equilibrium, keeping in mind that this matrix is evaluated at the limit as 7 — 1.
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(a) At m =1, there exists a symmetric equilibrium where ec = exy = 0.5, Qo4 = GoB, Q14 = Q1B,
and L, = Lp.
(b) Assumen = 0 (CRS) and (1 — ()8 is sufficiently large. Then, locally, m < 1 implies L4 > Lp:

the safer asset is more liquid.
Proof. See Appendix B.2. O

Naturally, when m = 1, the two assets are perfect substitutes and their equilibrium
prices (and liquidity premia) will be equal. However, as 7 falls below 1, the liquidity
premium of asset A generally exceeds that of asset B. Near the symmetric equilibrium,
the derivative of the difference between the liquidity premia with respect to  is:

=1 w9<Q1)
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dm

( gA_aéA)
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The first term on the right-hand side represents a negative direct effect: the probability of
meeting a buyer for asset A is always lower in the normal state than in the state where B
defaults (o, < a,), therefore the liquidity advantage of asset A increases as B becomes
less safe (7 |, i.e., dm < 0). But this liquidity advantage is magnified by the endogenous
responses of agents to perceived default risk, which affect what happens even in the nor-
mal state. Consider the second term in the equation. An agent who specializes in asset B
despite the default risk will self-insure by carrying more money, which translates (after
OTC trade) to a higher ¢;, resulting in a lower marginal utility of selling asset B (indi-
cated by multiplication with «”(¢;) < 0) and thus a lower liquidity premium for asset B;
thus, this intensive margin effect is also negative and always reinforces the direct effect.
Finally, there is the the third term in the equation, representing an extensive margin
effect: generally, when 7 < 1, N-types respond more strongly to the lower trading surplus
in the B-market, thus the matching probability for C-types is higher in OTC 4. If so, then
all three effects point in the same direction and thus the overall sign of the equation is
negative, as per part (b) of Proposition 2. Analytically, we can show that this is indeed
the case when (1 — /)6 is sufficiently large; numerically, we can find counterexamples, but

the overall negative sign is still the predominant result.”

15To be precise, we checked the sign for all combinations of # and ¢ in {0.1,0.5,0.9}, and asset supplies
of Sy = Sp € {.02,.05,.10,.15}, withn = 0,4 = .1, and M = 1 maintained. Out of these 36 parameter
combinations, in four of them the assets are so plentiful that both liquidity premia are zero for any ; in
three of them, all with maximal ¢ and minimal asset supplies, the sign is reversed so that L4 < Lp when
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Figure 5. Liquidity premia as functions of ©

Notes: The figure depicts the liquidity premia of assets A, B as functions of 7, assuming symmetric asset
supplies. The left panel illustrates the case of a CRS matching technology, and the right panel represents
the the case of IRS (n = 0.5). The parameters used in the figure are: M = 1,7 = 0.1, £ = 0.5, 0 = 0.5,
Sa = Sp = 0.05, with log utility.

Figure 5 illustrates our result for a range of 7, and for both CRS and an intermediate
degree of IRS. In each of these cases, the difference between L4 and Lp is positive and
strictly decreasing in 7. It is important to remind the reader that this differential is purely
due to liquidity; it is not a risk premium. Indeed, decreasing ™ makes agents less willing
to hold asset B because that asset is now at higher risk of default, but that effect is already
included in the fundamental value of the assets (see equations 5). The new result here is
that as asset B becomes less safe it also enjoys a smaller liquidity premium on top of the
smaller fundamental value.

The intuition behind Result 1 is as follows. Unlike C-types, who are committed to
visit the market of the asset in which they chose to specialize, N-types are free to visit
any market they wish, since their money is good to buy any asset. Consequently, if asset
B defaults, all the N-types (even those who had chosen to specialize in asset B) will rush
into OTC 4. But there is also a more subtle force at work: precisely because asset B may
default, agents who specialize in that asset B endogenously choose to carry more money
as insurance. Consequently, asset B sellers need a smaller liquidity boost, which means
that the surplus generated from asset trades in OTCp is lower. This is a force that attracts
more N-types to OTC 4 even if asset B does not default. Taken together, these two forces im-
ply that ex-post (and regardless of the default shock realization) more buyers are attracted

m < 1, i.e., the safer asset is less liquid; in the remaining 29 cases, we have the ‘normal’ result where the

safer asset is more liquid. For more details, see Appendix B.2.
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to OTC,4. This, in turn, incentivizes agents to specialize in asset A ex-ante, as they realize
that in this market they will have a high trade probability, if they turn out to be sellers.
The discussion following equations (6) reveals why this is important for liquidity: an
agent who buys an asset today (in the primary market) is willing to pay a higher price
if she expects that it will be easy to sell that asset ‘down the road’, and, importantly, it
is the C-types who sell assets down the road. Through this channel, any positive default
probability for asset B translates into a matching advantage for C-types in OTC4. This,
in turn, translates into a higher liquidity premium for asset A, because that premium
depends on the (anticipated) ease with which the agent can sell the asset if she turns out
to be a C-type. Naturally, this channel, and the liquidity differential between the two

assets, will be magnified if matching is characterized by IRS.

4.2 Result 2: Safer yet less liquid

The previous section established that a safer asset will also be more liquid — other things
being equal. Of course, other things are not always equal, and of those we are particu-
larly interested in asset supplies. Allowing for differences in asset supplies delivers the
second important result of the paper: even with slight IRS in OTC matching, the coor-
dination channel becomes so strong that asset demand curves can be upward sloping.
Consequently, asset B can carry a higher liquidity premium than the safe asset 4, as long
as the supply of the former is sufficiently larger than that of the latter.

Figure 6 depicts the liquidity premia for assets A and B as functions of the supply
Sp, keeping S, fixed, and for various degrees of IRS in matching. First, notice that the
liquidity premium on asset A is always decreasing in Sg. With CRS (top-left panel), this
is also true for the liquidity premium on asset B, as is standard in existing models of
asset liquidity. However, with even a small degree of IRS, the asset demand curves have
upward-sloping segments. And if Sp exceeds S4 by a large enough amount, we observe
Lp > Ly, i.e., the less safe asset emerges as more liquid.

The mechanism of this result is as follows. As we have seen, our model has a channel
whereby a safer asset also enjoys an endogenous liquidity advantage. However, whether
this advantage will materialize depends on the relative strength of other channels. Con-
sider a change in an asset’s supply (say, Sg1): in equilibrium, this will be accommodated
by a shift in the proportion of agents holding this asset (ec |) so that each individual
agent, whether holding A or B, can obtain a similar surplus when selling that asset in
the corresponding OTC. This is the dilution effect described in the previous section, and

as long as we have constant returns in matching the other two effects (congestion and
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Figure 6. Liquidity premia with varying degrees of IRS

Notes: The figure depicts the liquidity premia of assets A and B as functions of Sg, for a constant S4, and
for varying degrees of IRS. The dashed vertical line indicates the (fixed) supply of asset A. The parameters
used in the figureare: M =1,7=0.1,£=0.5,0 = 0.5, 7 = 0.95, S4 = 0.05, with log utility.

coordination) offset, so this is the end of the story.

With IRS, however, the coordination effect (whereby entry of sellers in an OTC mar-
ket begets the entry of buyers, and vice versa) is strengthened and dominates the con-
gestion effect (see Appendix A.7). What does this mean for the effects of an increase in
Sp? Following the logic described above, e decreases (more agents hold asset B and
thus enter OTCp as sellers), and following the logic described in Section 3.4, e}, decreases
too (assuming asset B does not default, more buyers enter OTCp). But with a strong
coordination effect, this means that the matching probability increases for both sides in
OTCp, and decreases for both sides in OTC 4, which begets a further shift in entry rates.

We illustrate this channel in Figure 7.' (In principle, the coordination effect could be so

16 Close inspection of the figure reveals another interesting effect: the sell-probability always responds
more strongly to any impulse than the buy-probability. This reflects the fact that N-types always respond
more elastically to any change in market attractiveness, which happens because their market entry choice is
made ex post and any cost of holding money or assets is already sunk; the C-types, on the other hand, must
take the cost of holding assets into account. This fact serves to further amplify our result of upward-sloping
demand curves, but the result would still hold if we forced ec = e}; in the background.
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Figure 7. Sell- and buy-probabilities in OTCp

Notes: The figure depicts the sell-probability, a5, and the buy-probability, oy, 5, in the secondary market
for asset B, in the normal state, as a function of Sp (and for varying degrees of IRS). The dashed vertical

line indicates the (fixed) supply of asset A. The parameters used in the figure are: M =1,i = 0.1,/ = 0.5,
0 = 0.5, 7 =0.95, S4 = 0.05, with log utility.

strong as to dominate both the congestion and dilution effects combined, in which case
the asset in larger supply would be the only liquid one, irrespective of its safety; however,
this only happens for values of 7 far higher than our empirical study in Section 5 allows.)
Thus, with IRS in matching, there is a “thick market” channel which is so strong that the
premium an agent is willing to pay for an asset can be increasing in that asset’s supply.

Figure 8 summarizes Results 1 and 2. It depicts the liquidity premia of assets A and
B as functions of Sp, keeping S4 fixed, with a slight degree of IRS, n = 0.2. When the
supplies of the two assets are equal (Sp = S4), asset A carries a higher liquidity premium
(Result 1). However, as Sp increases further, we enter the region where the demand for
asset B becomes upward sloping, until eventually L surpasses L4 (Result 2).

4.3 Consolidated secondary asset market

In this section, we abandon the segmentation assumption and study a model where

agents can trade both assets in a single consolidated OTC market. The purpose of this
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Figure 8. Liquidity premia

Notes: The figure depicts the liquidity premia of assets A and B as functions of Sg, for a constant S4, and
for n = 0.2. The dashed vertical line indicates the (fixed) supply of asset A. The parameters used in the
figureare: M =1,7=0.1,£=0.5,0 = 0.5, 7 = 0.95, S4 = 0.05, with log utility.

section is to help the reader understand exactly which results the segmentation assump-
tion is responsible for. The main difference between this section and the baseline model is
that now there exists a unique consolidated secondary market where agents can liquidate
assets. With a unique OTC market, agents have a trivial entry decision, i.e., they all visit
the consolidated market. Within that market, the matching technology and the bargain-
ing protocol remain unaltered. The details of the model, including characterization of the

equilibrium, are presented in Appendix B.3. Here we discuss the main result.

Proposition 3. We restrict attention to equilibria with positive liquidity premia. In the consol-
idated market model, regardless of the individual asset supplies, Sa, Sp, it is always true that
La > Lg. Thus, Result 1 holds in the model with a unique consolidated market, but Result 2 fails.

Proof. See Appendix B.3.3. O

Proposition 3 implies that market segmentation is not a necessary condition for Result 1
(other things equal, safety implies liquidity), but it is a necessary condition for Result 2 (a
less safe asset could be more liquid). The reason why Result 1 holds here is different, and
simpler, than the justification provided in Section 4.1: a liquidity premium reflects down-
ward sloping demand for liquidity, and, in the default state, when there is less liquidity,
agents value the remaining liquidity (the one provided by the safe asset A) more. How-

ever, since L, > Lp for any asset supplies, the riskier asset B can never be more liquid
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than asset A. We conclude that some form of segmentation is necessary for the safer asset
to be less liquid.

4.4 Result 3: Safe asset supply and welfare

In our final result, we highlight an important implication of our model about the effect
of an increase in the supply of safe assets on welfare. A large body of recent literature
highlights that the supply of safe assets has been scarce, and that increasing this supply
would be beneficial for welfare (see, for example, Caballero et al., 2017). In our model this
result is not necessarily true. In particular, welfare may not be monotonic in Sy.

First, let us define the welfare function of this economy, which is the C-type agent’s
surplus in the DM, averaged between agents who had the opportunity to rebalance their
portfolios in the OTC round of trade, and those who did not.'” Clearly, one also needs to
remember that here we have agents who chose to specialize in different assets, and two

possible aggregate states (default and no-default). In the normal state, welfare is:

W' =ecl- [(1—aga)(ulgon) — qoa) + aga(u(qra) — q1a)]
+(1—ec)l- [(1 - 0423)(“(6103) - QOB) + adp (U(%B) - ChB)},

and in the default state, it is:
w? = ect - [(1 - adC’A)(u(QOA) - CIOA) + Oéch (U(qlA) - qlA)} + (I —ec)l- (U(QOB) - CJOB).
We define aggregate welfare as:
W=aW"+ (1 —m)W-

Figure 9 plots equilibrium welfare as a function of the supply of the safe asset, and
highlights the case in which welfare is non-monotonic in S4. This result may seem sur-
prising at first. A higher supply of asset A enhances the liquidity role of that asset (or,
equivalently, allows for more secondary market asset trade), which, in turn, should allow
agents to purchase more goods in the DM. While not wrong, this intuition is incomplete.
What is missing is that when the safe asset becomes more plentiful, agents expect that it
will be easier to acquire extra cash ex-post and, thus, they choose to hold less of it ex-ante.
In other words, our model is characterized by an externality: agents prefer to carry assets

rather than money, and they wish to acquire money in the secondary market(s) only after

17In models that build on LW, steady-state welfare depends only on the volume of DM trade. Hence, a
sufficient statistic for welfare is how close the average DM production is to the first-best quantity, ¢*.
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Figure 9. Safe asset supply and welfare

Notes: The figure depicts equilibrium welfare as a function of S4, for various values of 7, including n = 0
(CRS). The dashed vertical line indicates the (fixed) supply of asset B. The parameters used in the figure
are: M =1,1=0.1,£{=0.5,0 = 0.5, 7 = 0.95, Sp = 0.05, with log utility.

they have learned that they really need it (i.e., only if they have turned out to be a C-type).
But someone has to bring the money, and that someone will not be adequately compen-
sated. This channel depresses the demand for money, which, in turn, decreases the value
of money and the volume of trade that the existing money supply can support.

An interesting detail seen in Figure 9 is that welfare always decreases when Sy is
large enough. This feature of equilibrium can be explained a follows. As S, increases,
the amount of DM goods purchased by an agent who traded in OTC 4, ¢; 4, also increases,
because that agent was able to sell more assets and boost her money holdings. On the
other hand, as S4 increases, the amount of DM goods purchased by an agent who did
not trade in OTC 4, go4, decreases, because the higher asset supply induced that agent to
carry fewer money balances ex-ante (see previous paragraph). Hence, an increase in Sy
generates two opposing effects on welfare: the surplus term u(q;.4) —¢14 (involving agents
who traded in OTC,) increases, but the surplus term u(go4) — qoa (involving agents who

did not trade in OTC,) decreases.”® While it is hard to know which effect prevails for

18 Of course, this is a general equilibrium model where any change in S, affects not only the terms
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any value of S4, what is certain is that if 54 keeps rising, there will come a point where
the marginal liquidity benefit of more A-assets will be zero (because ¢4 — ¢* implies
u'(q1.4) — 1). Near that point, an increase in Sy still hurts welfare by depressing u(go4) —

goa (because u'(go4) > 1), but now it generates no countervailing benefit.

5 Quantitative Analysis

5.1 Motivation: The illiquidity of AAA corporate bonds

An interesting fact that has recently drawn the attention of practitioners (but not so much
that of academic researchers yet) is that, in the U.S,, the virtually default-free AAA bonds
are less liquid than (the riskier) AA corporate bonds. Figure 10 plots the time-series yields
of AAA versus AA corporate bonds (as well as their difference) on the top panel, and, as
a reference point, it does the same for the AAA versus AA municipal bond yields in the
bottom panel. The bottom panel is consistent with what one would expect to see: the
riskier AA municipal bonds command a higher yield than the one on AAA municipal
bonds, because investors who choose to hold the former want to be compensated for
their higher default probability.

Interestingly, this logical pattern is reversed in the case of corporate bonds. On the
top panel of the figure, we see that in the last 5 years of our sample, the yield on AA
corporate bonds has been consistently lower than that on AAA bonds. Why do investors
command a higher yield to hold (the virtually default-free) AAA corporate bonds? Many
practitioners have claimed that this is so because the secondary market for AAA corporate
bonds is extremely illiquid.’ Our model could shed some light on this empirical obser-
vation, if it was the case that AAA corporate bonds have a scarce supply relative to AA
corporate bonds. This turns out to be overwhelmingly true. In the years following the
tinancial crisis, regulations introduced to improve the stability and transparency of the
financial system (such as the Dodd-Frank Act) have made it especially hard for corpora-
tions to attain the AAA score. This resulted in a large decrease in the outstanding supply

doA, 14, but also the terms go5, g1 5. However, the latter is a secondary effect which turns out to be quanti-
tatively not too important.

19 This narrative is consistent with the observations depicted in Figure 10, and it is supported by further
evidence. For instance, He and Milbradt (2014) document that the bid-ask spread in the market for AAA
corporate bonds is higher than the one in the market for AA corporate bonds. Additionally, in recent years
Bloomberg has ceased constructing its price index for AAA-rated corporate bonds, due to the dearth of
outstanding bonds and the lack of secondary market trading. Of course, a high bid-ask spread and a low
trade volume are both strong indicators of an illiquid market.
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Figure 10. Historical yields of AAA/AA corporate/municipal bonds

Notes: The data on municipal bonds comes from Standard & Poor’s, and the data on corporate bonds comes
from Federal Reserve Economic Data (FRED). The original data is on a daily base, but, to make the graphs
more legible, it is converted to a monthly base. The graphs show the historical yields for the past 10 years.
Sources: FRED; Standard & Poor’s.
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of this class of bonds. As a benchmark of comparison, in June 2018, the outstanding sup-
ply of AAA over AA corporate bonds was 1/10, while the same statistic for municipal
bonds was 1/3.

While it is plausible to attribute the irregularity observed on the top panel of Fig-
ure 10 to ‘some liquidity story’, existing models of liquidity cannot help us understand
this puzzling observation (see a review of the literature in Section 1.1). In these papers,
the asset demand curves are decreasing, hence, an asset in large (small) supply will tend
to have a low (high) liquidity premium. Our model formalizes the idea that an asset in
very scarce supply will be illiquid, even if it maintains an excellent credit rating. And our
‘indirect liquidity” approach, coupled with endogenous market entry, is key for delivering

this empirically relevant result.?’

5.2 Quantitative exercise

Motivated by the dramatic decrease in the number of AAA-rated corporations in the early
2010s, discussed in Section 5.1, and the resulting fall in the supply of AAA bonds, we
want to test whether the model can quantitatively match the observed changes in the
spread between AAA and AA yields. To do so, we calibrate the model to data on the U.S.
economy and bond markets, split into a “before” (2004-2011) and “after” (2012-2018)
period. We feed the model data on bond supplies before and after the split, and show
that it is capable of matching the spreads observed in those periods.?!

For the utility function, we define u(q) = ¢* /(1 — o). Thus, we need to calibrate ten
parameters: the supplies of bonds and money (S4, Sg, and M), the elasticity of marginal
utility (0), the nominal interest rate on an illiquid bond (i = (14— )/, which subsumes
time preference and expected inflation), the fraction of C-type agents (¢), the relative bar-
gaining power of C-types (0), the degree of returns to scale in the OTC matching func-
tion (1), and the default probability (1 — 7). For the calibration we use the version of our

20 The case of AAA versus AA US corporate bonds is not the only one where the commonly held belief
that “safety and liquidity go together” is violated. Christensen and Mirkov (2019) highlight yet another
class of bonds — Swiss Confederation Bonds — that are considered extremely safe, yet not particularly liquid.
Furthermore, Beber et al. (2008) report that Italian government bonds are among the most liquid, despite
also being among the riskiest Euro-area sovereign bonds. The authors justify this observation by pointing
to the large supply of Italian debt, which is consistent with our model’s prediction.

21 The number of AAA-rated corporations in the U.S., never high, decreased to four — Automatic Data
Processing, Exxon Mobil, Johnson & Johnson, and Microsoft — in 2011. (Automatic Data Processing got
downgraded in 2014, and Exxon Mobil in 2016. Today, there are only two AAA-rated companies.) We also
repeated our analysis with the sample split a year earlier or later, and obtained similar results.
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Description Value

Sa supply of AAA corporate bonds in the “before” period 0.0109
supply of AAA corporate bonds in the “after” period 0.0049
Sp supply of AA corporate bonds in the “before” period 0.0477
supply of AA corporate bonds in the “after” period 0.0445
M money supply 1
i nominal interest rate on an illiquid bond (quarterly) 1.75%
14 fraction of C-type agents 0.5
o elasticity of marginal utility 0.34
p recovery rate in case of default 0.4
T 1 — default probability 0.996
0 relative bargaining power of C-types 0.8
n elasticity of the OTC matching function 0.1

Table 1: Key parameter values

model that allows for partial default (presented in Appendix A.8), thus, we also need to
calibrate the recovery rate in case of default (p). Let us point out that in this section, to ease
the presentation, we focus on the version of our model where agents must hold only one
asset and visit only one OTC market (full segmentation). However, in Section C.2.1 we
repeat our calibration exercise for the general model where agents can trade both assets
and avoid market segmentation, and we discuss the parameter values under which the
unique equilibrium of the general model coincides with the specification considered here.

Some of the model parameters have straightforward empirical targets, while others
do not. For the latter, we start by showing that for some (arguably) reasonable choices,
our model delivers a safer-yet-less-liquid yield reversal similar to the one we observe
in the data. Additionally, we perform the inverse experiment: what combinations of
parameters are required in order to match the yield spreads exactly, before and after the
change in relative supply?

First, for the bond supplies S4 and Sp, we use the market valuation of the ICE BofA
AAA US Corporate Index (COA1) and ICE BofA AA US Corporate Index (COA2), and for
M, we use the MZM monetary aggregate (from FRED). We divide the bond supplies by
the money stock for each year, and then average over 20042011 and 2012-2018 to obtain
our “before” and “after” values of AAA (0.0109 vs 0.0049) and AA (0.0477 vs 0.0445) bond
supplies, relative to a normalized M = 1. For ¢, we cannot use any observed interest rate

since no traded asset is perfectly illiquid; instead, we use an estimate of 7% /year based on
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time preference, expected real growth, and expected inflation (Herrenbrueck, 2019b). We
set ¢ = 0.5 for symmetry (equal numbers of potential buyers and sellers in the secondary
asset markets). Next, we follow the procedure of Rocheteau, Wright, and Zhang (2018)
(where to be consistent with the rest of our calibration, we use MZM as the monetary
aggregate) and set 0 = 0.34 to match the slope of the empirical U.S. money demand
tunction. For the recovery rate p, we use 0.4 (Moody’s Investors Service, 2003); for the
probability that asset B pays out, we set m = 0.996.%

This leaves us with the bargaining power 6 and the scale elasticity 1, which have no
direct counterparts in the data. For 6, since it is the bargaining power of asset sellers in
the OTC markets, it scales liquidity premia on both bonds approximately proportionally
(see Equation 6), without favoring one or the other. Since it is precisely these liquidity
premia that make our model work, we want 6 to be on the high side (while still less than
1 so that asset buyers have a meaningful market entry decision); thus, we set ¢ = 0.8. For
1, we already know that some amount of IRS is necessary for our Result 2, thus it must be
positive. We also know from our numerical examples (e.g., Figure 7) that 7 does not have
to be particularly high, and indeed if 7 is too high then one of the assets will attract all
secondary market trade, and the other will be completely illiquid. Thus, we set n = 0.1.2

Table 2 summarizes our findings. As we can see, the supply of AA corporate bonds
did not change much across the two periods, but the supply of AAA bonds decreased
by more than half. The spread between AA and AAA yields was positive in the earlier
period, as every textbook would have predicted, then became negative in the later period.
The final row of the table shows the outcome of our calibrated model, which captures
both the positive spread in the earlier period when AAA supplies were relatively high
and the negative spread in the later period when AAA supplies had shrunk. More than
just getting the sign right, the table shows that our calibrated model can also capture the

22 The 1982-2003 issuer-weighted mean recovery rate of all bonds was 40.2%; this is the most recent data
we could find. For AA bonds specifically, the rate is 41.1% if default happens five or more years later —
at which point the bond might not be rated AA anymore — but higher if default happens closer in time to
the latest AA rating. Furthermore, eventual recovery rates do not necessarily cover all costs (legal, etc.)
associated with recovering assets after a default. Historical default probabilities are lower than our value
for w implies, but similarly hard to define for the reason discussed above: defaults are usually preceded by
a downgrade. Of course, from the point of view of an investor, it does not matter if a bond defaults outright
or if it is downgraded before eventually defaulting.

2 There is also the question of how we deal with the multiplicity of equilibrium (see Proposition 1).
Numerically, we use e, = S4/(S4 + Sg) as a starting point, then iterate the function G(e¢) in the direction
of its sign, until G(ec) — 0 or until reaching a corner. If the corners are not robust, this procedure will
always find a robust interior equilibrium.
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2004-2011 2012-2018 Change

AAA supply / M, observed 0.0109 0.0049 —55%
AA supply / M, observed 0.0477 0.0445 —7%
Spread AA-AAA (%), observed 0.2245 —0.0409 —0.2654
Spread AA-AAA (%), predicted 0.1961 —0.0648 —0.2609

Table 2: Prediction of the model with Table 1 parameters

magnitude of the spreads, and their reversal.*

Having shown that our model can quantitatively capture the change in AA-AAA
spreads following the big reduction in the supply of AAA corporate bonds, for reason-
able choices of parameters that do not have clear empirical targets, we now perform the
inverse exercise: what would those parameters have to be in order to match the spreads
exactly? We have three parameters (6, 7, and 1) and two targets (the AA-AAA spread in
the earlier and later periods). Since we have an extra degree of freedom, we fix a value of
the bargaining power 6 and let our model (and the data) tell us what the implied default
probability and scale elasticity should be.

The results of this exercise are shown in Table 3. For 8 < 0.6, no exact match is
possible, reflecting the fact that low values of § result in low liquidity premia (and thus
low power for our model). For § > 0.6, our model can match the data perfectly, up to
§ — 1 in the limit. The levels of 7 and 7 adjust as we vary §: 7 in order to match the level
of the spreads (since lower 7, everything else equal, increases the spread via the default
premium), and 7 in order to match the size of the change (since 7 governs how sensitive
the spread is to the difference in bond supplies).

The resulting parameter values are all plausible; the most novel and interesting one
is the scale elasticity of the matching function (which to our knowledge has never been
estimated for financial markets). Our calibrated value of 7 ranges from 0.069 to 0.212,
which corresponds to an elasticity of the matching function with respect to market size
of [1.069,1.212]. This can be interpreted as saying that if the measure of traders in an

OTC market (buyers and sellers) increases by 1%, overall matches increase by 1.069% to

2 Our calibration implies that goa/q* = 0.8886 and qop/q* = 0.8922 for the 2004-2011 period and
qoa/q* = 0.8839 and qop/q¢* = 0.8869 for the 2012-2018 period. These numbers are significantly higher
than 0.5, which is the threshold below which the combined money holdings of the C-type and the N-type
are not sufficient to purchase ¢*. (Given the take-it-or-leave-it assumption in the DM, ¢o; coincides with
the real balances of an agent specializing in asset j; see Equation (A.10).) This verifies our claim, made on
page 14, that the range for which m 4 m < m* is not relevant for the analysis.
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0 i n

0.6 0.9949 0.212
0.7 0.9957 0.135
0.8 0.9958 0.103
0.9 0.9958 0.083
0.99 0.9956 0.069

Table 3: Combinations of , w, and 7 that result in an exact match of our model to the
observed AA-AAA spreads in the “before” and “after” periods

1.212% - or, equivalently, the matching probabilities for individual traders increase by
0.069% to 0.212%. Quantitatively, the estimates in this range are closer to CRS than to
the congestion-free matching functions employed in most of the finance search literature
(which our formulation nests for n = 1; e.g., Dutftfie et al., 2005, Vayanos and Wang, 2007,
and Vayanos and Weill, 2008). But they are still robustly different from CRS, enough so
that an asset class in dramatically smaller supply than a competitor — for example, AAA
bonds versus AA bonds, or Swiss bonds compared to German or Italian ones — can end

up being substantially less liquid in equilibrium.

6 Conclusion

We argue that understanding the link between an asset’s safety and its liquidity is crucial.
To this end, we present a general equilibrium model where asset safety and asset liquidity
are well-defined and distinct from one another. Treating safety as a primitive, we examine
the relationship between an asset’s safety and liquidity. We show that the commonly held
belief that “safety implies liquidity” is generally justified, but there may be exceptions.
In particular, we highlight that a safe asset in scarce supply may be less liquid than a
less-safe asset in large supply. Next, we calibrate our model to rationalize the puzzling
observation that AAA corporate bonds in the U.S. are less liquid than (the riskier) AA
corporate bonds, and show that our model can explain this reversal as resulting from a
recent decrease in the relative supply of AAA bonds. Finally, and contrary to a recent
literature on the role of safe assets, we show that in our model increasing the supply of

the safe asset is not always beneficial for welfare.

38



Appendix

A Baseline Model: Details

A.1 Value functions

First, we analyze the value functions in the CM. Consider an agent who enters the CM
with m units of money and d; units of asset j, j = {A, B} in state s = {n,d}. The value

function of the agent is given by
Wy(m, da,dp) = max {X ~H+BE,, [max {QfA (m ds, dB> Q2 (m i, CZB) }] }
m,dﬂx,éB
st. X + p(m + pada —i—chZB) =H+pm+puM+ds+dg), if s=n (normal),
X + p(m +pAciA +chiB) =H+o(m+ puM + dy), if s=d (default),

where variables with hats denote portfolio choices for the next period, and E is the ex-
pectation operator over states and types of consumers. (2, denotes a value function of
an i-type agent, i« = {C, N}, who enters the OTC market for asset j in state s, and it is
described below. Replacing X — H from the budget constraint yields

Ws(m,da,dg) = p(m + puM +da + dp-I{s = n})

+ max { —@(m + pACZA + pBCZB>

idada
+ Bt max{QgA (m,dA,cZB),QgB (m,dA,dB)} (A1)
+ (1 = ) max{ Q4 (17, da, dp ), U (11, i, dis ) |
+ 801 = m)emax{ 0L, (1, da, dp ), Qs (. da, ds ) |
501 =m0 {08 (i di ). O (o) } .

where I is the indicator function, and we have used the fact that asset B defaults with
probability 1 — 7 and that an agent becomes C-type with probability ¢. This can be simply
written as follows:

W,(m,da,dg) = p(m+ds + dp) + A,

(A2)
Wd(m7 dAa dB) = gp(m + dA) + A7

where A collects the remaining terms that do not depend on the current states.
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The value function for a producer is much simpler. Note that producers will not want
to leave the CM with a positive amount of money or assets, as long as the assets are priced
at a liquidity premium. The reason is that a producer’s identity is permanent; so, there
is no reason for her to bring money or buy assets with paying a liquidity premium when
she knows that she will never have a liquidity need in the DM. Therefore, when entering
the CM, a producer will only hold money that she received as payment in the preceding

DM. Thus, the value function for a producer is given by
Py _ _ P
WP (m) fr%({x H+ BE,[VF] }
st. X =H+ om,

where V'’ denotes a value function of a producer in the DM in state s that will be de-
scribed later. Notice that the value function does not depend on states of the economy:.

Using the budget constraint, we can re-write the value function as follows:
W (m) = pm+ 8 (xV,” + (1 =m)V) = pm + A",

Note that all agents have linear value functions in the CM. This is standard in models
that build on LW, a result that follows from the (quasi) linear preferences, and it makes

the bargaining solution in the DM easy to characterize.

We now move to the value functions in the OTC markets. C-type agents are selling
assets, and N-type agents are buying assets. Let Qf;(m,da,ds) denote a value function
of an agent of type i who decides to enter OTC; in state s. &; is the amount of money
that gets transferred to a C-type, and x, the amount of asset j that gets transferred to an
N-type in a typical match in OTC;. These terms of trade are described in the next section.

The value functions are given by

m—+E&a,da — xa,dp) + (1 —ag ) Va(m,da, dp),
m+Eada— xa,dg) + (1 — o )WValm, da, dg),

m dA,dB — aCAV

(
Va(

mvd/h B

CBV (m+¢&p,da,dp — x5) + (1 — agg)Va(m,da,dg),
Va(m,da,dp),
anaWa(m — &, da+ xa,dp) + (1 — oy ) Wa(m, da, dp),
afaWalm — Ea,da + xa,dp) + (1 — a% ) Walm, da, dp),
NBW (m €B7dA7dB + XB) + (1 - a?VB)Wn(madAadB)a
Wy(m,da,dp),

deA7 B

(A.3)

m7dA7 B

mdA7 B

&l ) =
Gl )
¢l )
do(m,da, dg)
Q’&A(m,dm dp)
wal )
na( )
v ( )

m dAadB
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where V, denotes a C-type agent’s value function in the DM in state s. Note that OTCp
shuts down when asset B defaults, and thus N-type agents proceed directly to the CM,
whereas C-type agents move on to the DM.

Finally, consider the value functions in the DM. C-type agents meet producers. Let
q denote the quantity of DM goods traded and 7 the total payment in units of money.
These terms of trade are described in the next section. The value function of an agent

who enters the DM with a portfolio (m, d4, dg) in state s is given by
Vs(m,da,dp) = u(q) + Ws(m — 7,da,dp), (A.4)
The value function of a producer, who enters with no money or assets, is given by
VP = —q+W"(7),

which does not depend on states of the economy.

A.2 Terms of trade

First, we describe the terms of trade in the DM. Consider a meeting between a producer
and a C-type agent with a portfolio (m, d,dg). The two parties bargain over a quantity
q to be produced by the producer and a cash payment 7 to be made by the agent. The
agent makes a take-it-or-leave-it offer maximizing her surplus subject to the producer’s
participation condition and the cash constraint:

max {u(q) + Ws(m — 7,da,dg) — Wy(m, da, dB)}

T’q

st. —q+ WP () -Wr0)=0, 7<m.

Using the linearity of the CM value functions, the C-type agent’s surplus becomes u(q) —
o1 and the producer’s surplus —q + ¢7. This implies that the bargaining solution must
satisfy ¢(m) = 7(m) — that is, the producer will require 7(m) units of money for pro-
ducing ¢(m) of goods. When the agent has enough money to have the optimal level
produced, that is, when ¢m > ¢*, ¢* will be produced. Otherwise, ¢m will be produced.
Define m* = ¢* /¢ as the amount of money that allows an agent to purchase the first-best

quantity, ¢*. Then, the solution can be expressed in a concise way:

g(m) = min{q*, om} (= ¢7(m)),

(A.5)
7(m) = min{m*,m}, m* =q"/e.
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Since an agent will never choose to hold m > m* due to the cost of carrying money, we

will focus on the binding branch of the bargaining solution, ¢(m) = ¢m and 7(m) = m.

Next, we turn to the terms of trade in the OTC markets. Consider a meeting in OTC;
between a C-type agent with a portfolio (m,d4,dg) who wants to sell assets and an N-
type agent with (1, d4, dp) who wants to buy assets. Let x; be the amount of asset j will
be traded for ¢; amount of money as a result of bargaining. The Kalai bargaining applies
with the asset seller’s bargaining power denoted by . Then, the bargaining surpluses of

an i-type consumer from an OTC; trading in state s, S;

57

are given by

Sta = Valm +&a,da — xa,dp) — Va(m, da, dp) = u(p(m + £a)) — ulem) — pxa,
Sia = Wa(m —&a,da+ Xxa,dp) — Wa(i, da, dp) = —p&a + oXa,
Sy = Valm+&a,da — xa,dp) — Valm, da, dp) = u(p(m + £4)) — u(m) — oxa,
Sta = Walin — €avda + xa,dp) — Wa(, da,dg) = —p€a + oXa,
Sep = Valm +¢€p,da,dp — xB) — Va(m,da,dp) = u(p(m +£p)) — u(em) — oxs,
Sivp = Wl = &g, da,dp + x5) = Wa(iit,da, dp) = —p&p + ox5.

Notice that S%, = 8%, and 8%, = S%,; thus, the solutions will not depend on states
of the economy. 8% and SZ5 are not defined since OTCp shuts down when asset B
defaults. Thus, we will simply write as follows: Sca(= S, = S&4), Snva(= Sy =S4 1),
Scp(= Stp), and Snp(= Syp). The expressions for the surpluses can be simplified as
follows:

Scj = u(p(m + &) — ulem) — ox;,
Snj = =& + px;-

Since money is costly to carry, in equilibrium, C-type agents will bring m < m* and
want to acquire the amount of money that she is missing in order to reach m*, namely,
m* — m. Whether she will be able to acquire that amount of money depends on her asset
holdings. If her asset holdings are enough, then she will be able to acquire m* — m units
of money. If not, she will give up all her assets to obtain as much money as possible.

An assumption behind this discussion is that N-type’s money holdings never limit
the trade. That is, we assume that m +m > m?*, i.e., that the money holdings of the C-type
and the N-type pulled together is enough to allow the C-type to purchase the first best
quantity ¢*, hence ignoring the constraint {; < 7 in the bargaining problem. This will be
true in equilibrium as long as inflation is not too large so that all agents carry at least half

of the first-best amount of money (see also page 14).
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Thus, the bargaining problem is described by

0
HlaXSCj s.t. SC’j = —SNj, X < dj.
§5s X5 1-16

From the Kalai constraint, we get

s = &) = (1= 0)(ulp(m + &) — ulem) ) + 08,

which says that the asset seller has to give up z(;)/¢ amount of asset j to acquire &;
amount of money. Note that 2/(¢;) > 0, and recall that the optimal amount of money that
the asset seller wants to achieve is m* — m. When the asset seller has enough assets to
compensate m* — m, that is, when ¢d; > z(m* —m), m* —m will be traded. Otherwise, d;

will be traded. The solution can be expressed in a concise way:

*

z(m* —m)
¢ (A.6)

X;(m, d;) = min{dy, d;} (= 2(&;(m, dy)) /), d; =
& (m, d;) = min{m* —m, §;(m,d;)}, od; = 2().

With the discussion above in mind, note that the solution does not depend on the N-
type consumer’s portfolio, but only on the C-type’s. Also, note that £;(m, d;) is increasing
in d; (the more assets a C-type has, the more money she can acquire) and decreasing in m

(the more money a C-type carries, the less she needs to acquire through OTC trade).

A.3 Obijective function

As is standard in models that build on LW, all agents choose their optimal portfolio in the
CM independently of their trading histories in previous markets. In our model, in addi-
tion to choosing an optimal portfolio of money and assets, (17, d A, d ), agents also choose
which OTC market they will enter in order to sell or buy assets, once the shocks have
been realized. To analyze the agent’s choice, we substitute the agent’s value functions in
the OTC markets and the DM (equations (A.3) and (A.4)) into the maximization operator
of the CM value function (A.1) and use the linearity of the CM value functions (equation
(A.2)), dropping the terms that do not depend on the choice variables, to obtain

—o(i + pada + ppdp) + 67?6(@((1:4 + dp) + u(@m) + max{al ,Sca, o/éBSCB}>
+ Br(1 = 0)@(+d + dp)
+ 81 = m)e(¢da+ u(@m) + a4 Sca)
+B(1 =) (1 = )P+ da),
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from which we finally get the objective function:
J(i,da,dp) = — @(in + pada + ppdp) + B(in + da + wdp)
+ Bé(u(gbm) — ¢m + mmax{a¢4Sca, atpScp}t + (1 — ﬂ)adCASCA)
A . . 1 5 . , s . (A7)
— Bim — Bo(1 + 1) (pA = 1—+Z) dy — Bp(1+1) (pB = 1—+Z> dp
+ Bl (u(s@m) — ¢+ 7 max{ag ,Sca, a¢pScs} + (1 - W)adCASCA>7
with i = (14 p)/8 — 1, where

Scj = 0 [u(@(m + &, d,)) — ulrin) — o€ (n, dy)|

A.4 Asset demand

Asset demand equations are derived from the first-order conditions of the objective func-
tion (A.7) with respect to d4 and dp:

. 1 0Sca
1414 —1=/l(ma%, + (1 —mal,)=—=,
( )pA ( Gat( ) CA>S0 Dd,
. 1 0S¢
1414 — 71 =draty——0,
( )PB CB()O 9ds

where

s 9001 % _ (o + &) ~ 1) g2

od, 0§ od, 7ad,
- 1 E aéj ~ RS s agj
= )— = 0+ (1—-6 +&5)) ) —,
Y=z (fy)adj ¥ ( ( Ju' (P 5]))) ad,

where the second equation is from total differentiation of ¢d; = 2(&;(h, d;)).
From above, we can get the asset demand equations (A.12) and (A.13) by expressing
in terms of the equilibrium quantities:
1
0+ (1-0)u(qa)

(1+d)pa—1=10 (m@A +(1— W)adCA> (u'(qa) — 1)
1
0+ (1—0)u ()

(A.8)

(1+i)pp — m = Omat g (u'(g15) — 1)

A.5 Money demand

Money demand equations are derived from the first-order conditions of the objective
function (A.7) with respect to 7:

1 68(;,4)

- s n o d -
= ()~ 1+ (o + (1 maty) 2206
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oS
i=0 ((u’(gém) —1)+ m’é%ﬁ) :
where
dS¢; - ; 0%,
5= g (u! (el -+ &) — /() + 0 ( (907 + £) — 1) L,
) 06 0
0= (1—0) ((P0h+ &) — (@) + (1 — O (plon + E) ol + 65,

where the second equation is from total differentiation of ¢d; = z(&; (1, d;)).
From above, we can get the money demand equations by expressing in terms of the

equilibrium quantities:
i= E(l - 9(7?0/&14 +(1— W)ach))(u'(qu) —1)

48 (mapa + (1= mata) ' ana) = 1) (1-

(1 —=0)(v'(q14) — v'(q0a))
)49
(1-0)((qip) — u,(QOB)))
0+ (1—0)u(qp) ’

i =01 —0radp)(u(qp) — 1)+ lOratz(u' (i) — 1) <1 -

A.6 Characterization of equilibrium conditions

We start by describing how the variables {z4, 25, ¢, pa, ps} can follow directly from the
“core” variables {qoa,q14,908,018,¢c,€% }. (Recall that eﬁl\, is always equal to 1.) First, since

the C-types have all the bargaining power in the DM, the equilibrium real balances satisfy
ZA = qoA; #B = qoB- (A.10)

Second, the equilibrium price of money solves the money market clearing condition:
oM = eqqoa + (1 — ex)qoB- (A.11)

Third, the equilibrium asset prices solve the following asset demand equations (repro-
duced from (A.8) in Appendix A .4):

0
P —1H (1 T ) (maa+ (1 =)o) (w(aa) - 1)) , (A12)
1

0
PB =15 (W + gmﬂagB(u/(%B) - 1)) : (A.13)

where:

wy(q) = O+ (1—0)u'(q) > 1.
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Next, we study the determination of {qo4,¢14, 905, ¢18,€c, €% }. To determine the six core
variables we have six equilibrium conditions. First, we have the two money demand

equations for agents who specialize in asset A and B:

i = E(l — «9<7TO/CLA +(1— W)adCA>>(u'(qu) —1)

RV B a9

we(QOB) n

i =01 —0maly)(u (qp) — 1) + wwg (qlB)ﬂ'OJCB(UI(ChB) —1). (A.15)

Next, we have the trading protocol in OTC;, j = {A, B}, that links ¢p; and ¢y

G4 = min{q*, Goa + ‘PéA} , pda = z(6a),
np = min{q*, don + 905’3} . pdp = 2(¢p),
where:
2(8) = (1= 0) (ul(m + ) — ulom) ) + €,

SA/ec, if ec > 0,
da

0, otherwise,

Sp/(1—ec), ifec <1,
dp =
0, otherwise.
The equations for d,4, dp can be interpreted as asset market clearing with “free disposal’:
we require agents to choose either asset A or B to specialize in, so it is possible that
everyone chooses the same asset. In that case, demand for the other asset is zero. If
demand for an asset is positive, the market for that asset clears with equality.

The other equations also have intuitive interpretations. They state that if the agent’s
asset holdings are large, then ¢,; = ¢, because the agent will acquire (through selling as-
sets) the money necessary to purchase the first-best quantity, and no more. On the other
hand, if the agent’s asset holdings are scarce, she will give up all her assets and purchase
an amount of DM good equal to ¢y; (the amount she could have purchased without any
OTC trade) plus 3 ; (the additional amount she can now afford by selling assets for extra
cash). The terms d; represent the amount of assets held by the typical agent who special-
izes in asset j. With some additional work, we can re-write the OTC bargaining protocols
in a form that involves only core equilibrium variables (and parameters):

. . 1S4e +(1—ce 1—46
1A = mln{q, Ga+ 5 MA cfoa (ec cJaos _ 7 <U<Q1A) - U(qUA)> } , (Ale)
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. . 1 Sge +(1—e 1-6
@B = mm{q » qoB + 9 HB cfoa 1 (_ o 0oz Ty (U(QU:?) - U(QOB)> } . (A.17)

Our last two equilibrium conditions come from the optimal OTC market entry deci-
sions. An important remark is that the OTC surplus of N-types does not depend on their
portfolios (see Section 3.1 or A.2), whereas the OTC surplus of C-types does depend on
their portfolios. Hence, in making their entry decisions, C-types consider not only the
expected surplus of entering in either market, as is the case for N-types, but also the cost
associated with each entry decision. Another way of stating this is to say that e, is deter-
mined ex-ante and represents the decision to specialize in asset A, while e}; is determined
ex-post and represents the fraction of N-types who enter OTC, in the normal state.

The C-types’ surplus terms defining their optimal specialization choice 2 are:

Soa = —iaoa = (1 +i)pa = 1)((1 = O)(u(g14) = ulgoa)) + 8(a14 — o)
+ {(ulgon) — qoa) + £( o + (1= m)ad, ) Sea, (A.18)
Sca = 9<U(Q1A) —u(qoa) — qua + QOA>>
and:
Sop = —iqos — (1 +i)ps — ) (1 = 0)(w(@e) — u(dos)) + (a1 — qon) )
+ l(u(qoB) — qoB) + {TagpScs, (A.19)
Scp = 0(“(@13) —u(qoB) — @B + (Io3>7

where the negative terms represent the ‘holding cost” associated with the various assets.
The N-types make their market entry choice ex post, hence their surplus terms defin-

ing 3 do not include a holding cost:

Swa = (1= 0) (ulara) = ulaon) = a1a +doa ) (A.20)

Svg=(1-10) (u(Q1B) —u(qoB) — 1B + QOB>7 (A.21)

A.7 General-equilibrium effects of market entry choices

In Section 3.4, we mention three general-equilibrium effects — congestion, coordination,
and dilution — of a presumed exogenous shift in ec, the share of agents visiting market A
as opposed to B. Here, we discuss these effects in more detail than the flow of that section
allows.

The “congestion effect” is simply the obvious fact that as more sellers enter a mar-

ket, matching becomes harder for other sellers in that market. This effect is reduced if 7
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increases, and altogether disappears if n = 1, hence we sometimes refer to the matching
function with 7 = 1 as “congestion-free”.

The “coordination effect” consists of two stages: first, the fact that as more buyers
enter a market, sellers match more easily, and vice versa; second, the fact that if (exoge-
nously) more sellers were to enter a market, then buyers” match probability will improve,
which makes more buyers (endogenously) enter that market, which in turn improves
sellers” matching probability and thus rationalizes the presumed movement of sellers.

As is well-known in the search-and-matching literature, with constant returns to
scale in the matching function and constant surpluses per meeting, the congestion and
coordination effects exactly offset (which is perhaps why, to our knowledge, they have
not been given names before). With extremely increasing returns to scale — for instance,
our matching function (Equation 1) with n = 1 — the coordination effect is maximal and
the congestion effect is nil. For intermediate levels of increasing returns, represented in
our model via 5 € (0, 1), something in-between is true: the congestion effect exists but the
coordination effect is stronger.

Of course, in our model, surpluses per meeting are not constant as ec varies, because
ec represents both the share of C-types entering OTC, and the share of agents holding
asset A in the CM, precisely because in our model agents can only sell assets they hold
(no short-selling). If a larger share of agents seeks to hold asset A, then each of them
will hold a smaller amount of it, which down the line will cause a smaller per-meeting
surplus in OTC,4. We name this force the “dilution effect”, and it is precisely the reason
why interior equilibria, where some agents hold asset A and others hold B, tend to be

robust at all in our model (when 7 is not too large).

A.8 Partial Default

Compared to the baseline model, there is one crucial difference. In the default state, which
still happens with probability 1 — 7, asset B pays a recovery rate, p € (0,1). As a result,
in the event of default OTCp does not shut down. This has two implications. First, in
the event of default it is not the case any more that all N-types will rush to OTC, (see
Equation A.30). Second, the entry decision of C-types (which is made ex-ante, i.e., in the
CM of the previous period) now also depends on their payoff from visiting OTCp in the
default state (see Equation A.22).
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A.8.1 Analysis of value functions and terms of trade

First, we analyze the value functions in the CM. The value function of an agent who
enters the CM with m units of money and d; units of asset j, j = {4, B} in state s = {n, d}
is given by

Wa(m,ds,ds) = max {X — H+BE,, [max {QfA (m ds, dB) Q2 <m da, dB) }] }
m,da,dp

s.t. X + (1 + pada + ppdp) = H + o(m + puM + da + dp-1{s = n} + pdp-1{s = d}),

where ()}, denotes the value function of an i-type agent, i = {C, N}, who enters the OTC
market for asset j in state s. Compared to the baseline model, the only difference here is
that asset B pays p dollars even in the state of default.

Next, the value functions in the OTC markets are given by

Qta(m,da,dp) = agyVa(m + €a,da — xa,dp) + (1 — ag4)Va(m, da, dp),
G 4(m,da,dp) = af,Valm + Ea,da — xa,dp) + (1 - OédCA)V (m,da,dp),
Qtp(m,da,dp) = aggVa(m + €5, da,dp — Xp) + (1 — adip)Va(m, da, dp),
Ofp(m,da,dp) = adgVa(m + &5, da, dp — xB) + (1 — aCB)Vd(mv da,dp),

O a(m, da,dp) = Ay, Wa(m — €a,da + xa,dp) + (1 — ai4)Wa(m, da, dp),
QR a(m, da, dp) = af s Wa(m — €a,da+ xa,dp) + (1 — aNA)Wd(m da,dp),
Q¥ p(m,da,dp) = aypWa(m — &g, da, ds + Xp) + (1 — ayp)Wa(m, da, dp),
O p(m, da,dp) = aNBW (m —&5,da,dp + X5) + (1 — ayp)Wa(m, da, dp),

where ¢; is the amount of money that gets transferred to a C-type, and y; is the amount
of asset j that gets transferred to an N-type in a typical match in OTC;. For asset B, the
aggregate state matters for the terms of trade, and thus £z and x  have superscripts that
indicate whether we are in the normal or the default state.

Finally, the value function in the DM is given by
‘/S(ma dA7 dB) - U(q) + Ws(m -7, dA7 dB)

We now turn to the description of the terms of trade in the various markets, starting
with the DM. Consider a meeting between a C-type agent with m units of money and
a producer. Given that the C-type agent makes a take-it-or-leave-it offer and that the
liquidity constraint will always bind due to the cost of carrying money, the bargaining
solution is given by



Next, we turn to the terms of trade in the OTC markets. Consider a meeting in OTC;
between a C-type asset seller with portfolio (m,d4,dg) and an N-type asset buyer with
portfolio (12, d, dp). The bargaining surpluses of an i-type agent from an OTC; trading

in state s, S;;, are given by

ijr
Sca = Va(m +8a,da — xa,dp) — Vi(m,da, dp) = u(p(m + €4)) — u(em) — oxa,
Sna = Wy(m — €a,da + Xa,dp) — Wy, da,dp) = —p€a + pXa,

Stp = Valm+ &g, da, dp — X) — Valm, da, dp) = u(p(m + £5)) — ulem) — oxp,
Siep = Walm — &5, da,dp + X5) = Wa (i, da, d) = =€ + X3,

St = Va(m + €5, da,dp — X5) = Va(m, da, dg) = u(p(m + £5)) — ulpm) — ¢px,
Sip = Wali — &5, da, dp + X5) — Wa(iin, da, dp) = =o€ + opxh.

We now describe the bargaining solutions in the OTC markets. For ({4, x4), we have

pxa = (1= 0)[u(p(m +&a)) — ulpm)] + 0p&a,
&4 = min{m* — m,fA},
Ea=1{€: oda=(1-0)[u(p(m+ &) — u(em)] + 0t}

For (¢}, x%), we have

exp = (1= 0)[ulp(m + &) — ulem)] + 0p€E,
& = min{m* —m, B},
& =€ pdp = (1= O)ulp(m + &) — u(em)] + 0p¢}.
Lastly, for (¢4, x%), we have
ooxs = (1= O)[ulp(m + &) — ulpm)] + 00EE,
& = min{m* —m, €5},
&y =€ ppds = (1= O)[u(p(m +€)) — u(pm)] + OpE}.

Compared to the baseline model, only the terms of trade (¢4, x%) are affected, since now
asset B pays p < 1 dollars in the default state.
We can now derive the objective function of an agent in the CM, which is given by

J(in,da,dp) = —p(iiv + pada + ppdp) + Belim + da+ (7 + (1 — 7)p)dp] (A.22)
+ B¢ [u(g&fn) —pm+ max{ﬂongSCA +(1-— ﬂ)adCASCA,WOzZBSgB +(1-— W)adCBSgB}H .

There are two main ways in which allowing for partial default affects the objective func-

tion compared to the baseline model. First, the new term p appears in the first line because
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an agent who walks into the next period’s CM with some asset B will be entitled to the
recovery rate in the default state, which happens with probability 1 — 7. Second, the term
(1 — m)ad ;S now appears inside the maximum operator because OTCp does not shut
down, and the agent’s entry choice is also driven by her payoff from visiting OTCjp in the
default state.

A.8.2 Equilibrium

We now describe the steady state equilibrium of the model with partial default. The core
variables are {qoa, q14, QoB, V5, @5, €c, €%, €%}, and we will describe the derivation of
equilibrium following the same methodology as in the baseline model. For this analysis
recall that we have defined wy(q) =0 + (1 — 6)u'(q) > 1.

First, the money demand equations are given by

= 0|1 = (i (1= mata) W) - 1 (A23)
+maa+ (1= M) )~ 1],

i= 0|1 = oty s — (1= maty e | o) ~ 1 (A24)
- nal sl ay) = 1)+ (1 = oy — sl ay) — 1),

The OTC trading protocols,

dia = min{q*a doA + SDgA}»
¢'s = min{q", gop + pER},
¢ty = min{q*, qop + pEL},

combined with the OTC bargaining solutions,

ody = (1 — 0)[ulqra) — u(goa)] + 09E,
pdp = (1—0)[u(qs) — ulqos)] + 00ER,
ppdp = (1 —0)[u(qly) — ulqos)] + 00EE,

and the market clearing conditions,
Sa=ecds, Sp=1—-ec)dp, M =ecqa+ (1—ec)qon,
yield:
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1 —
ecqoa + (M ec)qos *:_A — (1= 0)[u(g1a) — u(goa)]
s — min d 4" qus + c ; , (A.25)
\
(
1 —
€cqoa + (]\4 cc)os : fBe — (1 =0)[ulgis) — u(qon)]
qip = min ¢ q¢*, qop + 0 O
\
(
ecqoa + (1 —ec)q S
. T e~ (1~ O)lulals) — ulaon)
¢ip = min § ¢, qos + 0 .

\

The next important task is to describe the agents” entry decisions. For that, it is useful
to start by describing the liquidity premia of the various assets. Define p = 7 + (1 —
m)p. Then, the liquidity premium of asset j, denoted by L,, is given by the percentage

difference between an asset’s price and its fundamental value. In other words, L, solves

1 p

PA:1+Z.(1+LA)7 pB:1+Z.(1+LB),
where:
0
Ly=lrma,+(1—mal,)——/ —1],
A ( CA ( ) CA)we(qlA) [v'(q14) ]
L=~ (tratp o sluats) = 1)+ 1 = mpay s luats) ~ 1),
p wo(q7's) wo(qip)
The optimal entry of C-type buyers is characterized by:
L, Sca > Sen
ec = O, SCA < SCB (A28)
€1[0,1], Sca=Scs .
where:
Soa == ior = La| (1 = O)(u(a) = uldon)) + Ola1a — doa)|
+ E[u(qu) — qoa + (mag, + (1 — W)adCA)SCA} ,
Sca = H(U(QM) —u(qoa) — qra + QOA>;
and:

Scp = —iqos — pLp [(1 — 0)(u(q's) — ulqom)) + 047’z — qoB)
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+ K[u(qog) — qop + Tat St + (1 — W)adCBSgB],
Scp = 3(“(‘1?3) —u(qoB) — 41 + QOB>7
Stp = 9(“(@?3) — u(qon) — qip + QOB>-
The optimal entry of N-type buyers is characterized by:

L, ayaSNA > OypSig
ey =19 0, anaSNa < X pSp (A.29)

€ [07 1]7 O‘%ASNA = a%BSKTB )

and:
L, afaSna > afpSis
e =19 0, adiSna < oSty (A.30)
€ [07 1]7 Q?VASNA = Q?VBSJC{TB )
where:

Sva=(1-10) <U(CI1A) —u(qoa) — q1a + QOA>>

Svn = (1= 6) (ulais) — ulgon) = aip + @ ).

Sy =(1-10) <U(Qf3) —ul(gon) — dip + q03>-
Definition 2. For given asset supplies {54, Sg}, the steady-state equilibrium for the core
variables of the model consists of the equilibrium quantities and entry choices, {go4, ¢14,
Q8. @'s, 4, ec, €y, €&}, such that (A.23), (A.24), (A.25), (A.26), (A.27), (A.28), (A.29),

and (A.30) hold. The remaining variables follow directly from the core variables as in the

baseline model.

B Proofs of Propositions

B.1 Proof of Proposition 1: Classification of equilibria

(a) Assume e = 0. Then, e, = €% = 0 is clearly the best response of N-types. We claim
that there is no profitable deviation of a C-type, i.e., G(e,) = Sca—Scp < 0 when eqc =0,
ey = e% = 0. First, notice that when e, = 0, that is, when nobody is holding asset A,
Goa = q1a (= 7) and Scy = —iG+L(u(7)—q). If it were the case that nobody was purchasing
asset B either, then ¢z = ¢35 (= §), Scs = — iG + £(u(q) — §) and G(e.) = 0. Since ¢,
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increases and ¢yp decreases as agents hold asset B, it remains to show that dgc B/dqig >0,
keeping in mind that ¢yp also changes as ¢; 5 changes.

When e, =0and e}, = ¢4 =0, we have oy = 1 — £

0 /
0 ) 1)) (0~ 0 utans) — ) + s — )

+ £(u(qoB) — qoB) + {m(1 — £)9<U(Q1B> —u(qB) — @B + CIOB>-

30]3 = —iqoB — (5

Then,

dScn __ daos ( U= (1= O+ (L - O (@) (ao) | KO+ (1= (1+ (1= OmF)'(015))

dps  dgs 0+ (1 -0 (qp) 0+ (1—0)u ()
1

o 6+ (1= 0 (q1p))? (1- f)gﬂe((l — 0)(u(q18) — ulqos)) + 0(q15 — QOB)>U”(Q1B)'

The coefficient of dgyp/dq;p in the first term is

(1= (1= O)m)o + (1 = 0)u'(q18))v (qoB) n O+ (1 -1+ 1m0 (q18))

7 —

0+ (1—0)u(qB) 0+ (1—0)u(qiB)
i (f((l — (1 =0mo+ (1 = Ou'(gip))u'(qos) (L= (1—Om)o+ (1 — 9)“'(Q13)))
0+ (1—0)u(q15) 0+ (1—0)u(quB)
3 (@((1 —(1=0m0+ (1 -0u'(qp) LO+0 -1+~ 5)7)9)16'(%3)))
0+ (1—0)u(q1B) 0+ (1—0)u(q1p)

0
' ( 0+ (1—0)u (s

which is 0 since it is equivalent to the money demand equation (A.15). Thus,

0
0+ (1—0)u(qp)

a1 @) ((qos) — 1) — £ (1 - O (@us) — 1),

dSCB 1 "
=— 1—0lm0((1—0)(u —u +0 - u > 0.
=~ G g~ 0 (1 - 0) () — ulas) + e — dos) ) (ars)
(B.1)
Therefore, G(e) < 0 when e =0, e% = e = 0. O

(b) Assume e, = 1. Then, €% = ¢4 = 1 is clearly the best response of N-types. We claim
that there is no profitable deviation of a C-type, i.e., G(es) = Sca—Scp > 0 when e =1,
e% = e} = 1. First, notice that when e = 1, that is, when nobody is holding asset B,
G5 = q18 (= 7) and Scp = —iG+£(u(7)—q). If it were the case that nobody was purchasing
asset A either, then g4 = ¢14 (= q), Sca = —iq + l(u(q) — q) and G(e,) = 0. Since g1
increases and o4 decreases as agents hold asset A, it remains to show that dSca /dgia >0,

keeping in mind that gy also changes as ¢; 4 changes.
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Whene, =1land ey =e4 =1, wehaveal , =al, =1—¢:

0 /
= 0 ana) = 1)1 00 ~ wlao) + Bas o)

+ £(u(qoa) — qoa) +£(1 — €>9<U(Q1A) —u(qoa) — q1a + qOA)-

Sca = — iqoa — (f

Then,
dSca _ dgoa (2 B 0000+ (1 — 0)u'(g1a))u' (qoa) N O+ (1—(2- E)H)u’(qm))>
dgia dqi 4 0+ (1—0)u(q1a) 0+ (1—0)u(q1a)

1 "
T 0+ (=0 (qua))? (1 €)€9<(1 — 0)(u(qra) — u(qoa)) + 0(qra — QOA)>U (q14)-

The coefficient of dgga/dq 4 in the first term is

00+ (1 — 0)u'(q1a))u'(qoa) | €00+ (1 = (2= £)0)u'(g14))
0+ (1—0)u'(qa) 0+ (1—0)u'(q1a)
i (O D) 10+ =)t
0+ (1—0)u(qa) 0+ (1—0)u(qa)
B (5(59 + (1 =0 (qa)) O+ (21— (2— 5)@“’(%&))

0+ (1—0)u(q1a) 0+ (1—0)u(q1a)

. 0
21_5(1‘9+<r—mw@m>

which is 0 since it is equivalent to the money demand equation (A.14). Thus,

0

I+ (=g~ V@) =1,

a—f0<me»—n—£

dSca 1 )

doca _ _ 1—000((1—9 . 0(qua — .

dth (9 + (1 — Q)U’(Q1A))2( E)g (( )(U(%A) U(QOA)) + (QIA qOA))“’ (qlA) >0
(B.2)

Therefore, G(e) > 0 when e, = 1 and % = e = 1. O

(c) First observe the values of a4, ad ,, alp as e — 0+. While a2k, = ol , = 0ate, =0,
this is not the case when e~ — 04. From the optimal entry decision by N-types (3),

ec(l — €C€ — gSNB/SNA + eCKSNB/SNA>
—(1—=4)(—ec — Sn/Sna+ecSnp/Sna)

ey =

Using this, as e, — 0+,

eq(1—e l—tSNB /SN a+e ASNE/SNA)
o = lim (1 — f)e% (1 - 6) —?1—6)(C;eC—SNB/SNA+iCSNB/SNA)
CA

. —Nelt. e ec(l—e A—tSN5/Snate LSnE/SNA)
=0+ leq + (1 —0)ely  ec—0+ leq + (1 —0) —?l—é)((iec—ngB/gNAJricS]jvi/S]zva)

— lim 1+ ecl(—14 SNBy_ONB _ _ gONB (g _p)
eq—0+ ol SNA) Sna SNA( )
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1-¢
d
> dim =
oA 0 lep + (1—0)

On the other hand, of.; continuously converges to its value, 1 — ¢, at e, = 0 as e, — 0+.

Hence, as e, — 0+, maf, + (1 — m)ad , > maly. Therefore,

3 . 0 n d /

Soa = —itor — ((——— (mags + (1 = mafs ) (W (g1a) = 1) )((1 = 0) (ulara) = ulgo)) + 011 = goa))
wy(q14)

+ ulgon) — qoa) + ¢(mas + (1 —w)adm)e( (@14) = uldoa) = @+ doa )

— 1Goa — <€ WOZCB "(q14) )( u(qra) — u(qoa)) + 0(qua — QOA>>
+ £(u(qoa) — qOA) + €7T0é039< (q14) — u(goa) — q1a + QOA>
2> —iqoB — (Ewg 7TOéCB "(¢18) ) u(q18) — ul(qo)) + 0(q1B — QOB)>
+ £(u(qoB) — qoB) + ﬁﬂaCBH( (18) — u(qoB) — q15 + QOB> = Sc,

where the first inequality comes from

[—z’qm—(6$(mm< mada ) (W (ua) - >)(<1—6><u<qm>—u<q0A>>+e<qm—q0A>)

(u
+ 0(u (QOA)—QOA)-Ff(?TOéCAﬂL (1-ma A)9< u(qia) —u QOA)—ChA-FqOAﬂ
(0

. 0
— [— 1qoA — (émWQCB (q14) ) 1 —0)(u(qra) — ul(qoa)) +0(q1a — CIOA)>

+ €(u(qoa) — qoa) + {mag.p0 < (q14) — u(qoa) — qua + QOA>]

_ H(mag+ (1= m)ad,) — magpl0(qia — qoa) ((u(qia) — u(qoa) o
B 0+ (1 —0)u(q1a) ( 1A — qoA (qlA)> >0

in which we used ma%, + (1 — m)ad, > maly and the strict concavity of u; and the

second inequality comes from that lime,_, ot @1 < lime_ 04 q1a = ¢ and (B.1). Therefore,
G(ex) > 0as ey — 0+. O

(d) All we need to show is that one of %, ,, o, and o is discontinuous at ec = 1. Here,
the discontinuity arises in o ;. From the optimal entry decision by N-types (3),

60(1 — eof — gSNB/SNA + GCKSNB/SNA)
—(1—=0)(—ec — Snp/Sna +ecSnp/Sna)

ey =

Using this, as e, — 1,

(& (1—6 e—fSNB/SNA-Fe ZSNB/SNA)
o, — lim (1 _ f)(l _ 6%) (1 B é) (1 - ?1 Z)(c eC_‘SNB/SNA“FngSNB/SNA))
CB

ec—1 0(1 — +(1=0)(1—em) ea—1 ec(1—e l—LSnp/Snate tSnp/Sna)
ST IOTR) P -+ -0 (1 SRR

56



= lim1+€<—1+eo— SLA)—1—£SLA(>1—£)

eqc—1

€o
SnB Snp

On the other hand, a¢.y = 0atec = 1.

Now assume 7 — 1. Unlike o, o, and o4 , continuously converge to their values
cBr QA CA

at ec = 1, which are both 1 — £. Hence, as e, — land 7 — 1, a4 + (1 — m)ad 4, < malp.

Therefore,

Sop =

it = (£ anm) 1)) (1= O)(ularm) ~ wlaum) + Ooum — o)
+ {(u(gon) — QOB) + EWOCCBQ( (¢18) — u(qoB) — @15 + %B)
— i — (% oy (mota + (0= mata ) (4 (a1) - 1))((1 — 0)(u(gr) — wlqon)) + 05 — @os))

+ £(u(qoB) — qoB) + €<7TOKC,4 + (1 — W)ach>9<U(CI1B) —u(qB) — @18 + C_IOB>

>~ itoa = (o (maa 4 (1= w0 ana) = ) ) (1= 0)(u(000) = ulana) + a1~ )
)

(
+ £(u(goa) — qoa) + €<7raoA +(1— 7T)adc,4>9<U(Q1A) —u(qoa) — qua + q0A> = Sca,

where the first inequality comes from

)
= [ itom = (1 s mataolanm) = 1)) (1 = O)ulaam) = aaum) + Olarn — or)

+ L(u(qop) — qoB) + 570%39@((113) —u(qoB) — @18 + QOB>]

_ (o + (1~ m)ad,) — mo@slf(aus — dos) (“<qw> —ulton) _ u'<qw>) <0,

0+ (1—0)u(qB) ¢1B — QoB

in which we used ma? , + (1 —7)ad, < Taly and the strict concavity of u; and the second

inequality comes from that lim. 1 ¢14 < lim._ 1 15 = ¢ and (B.2). Therefore, G (e) <0

ase~ — L. O

(e) From (c) and (d), we have lim. o+ G(e¢) > 0 > lim.,,; G(ec) when 7 — 1. The
continuity of ¢ immediately implies that there exists at least one robust interior equilib-

rium.

]
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f) All we need to show is that one of o ,, a , and o, is discontinuous at ¢~ = 1. Here,
car Qca CB c

the discontinuity arises in af.,. As e, — 0+,

1—-7
d li =(1-0"
OéCA — ecg%+ (860 I (1 _ g))l—ﬁ ( )

On the other hand, %, = 0 at e, = 0. O

(g) All we need to show is that all o 4, ol , and a5 continuously converge to their values
ate., = 1as e, — 1. From the optimal entry decision by N-types (3),

1
—1+esl+esl (4(1% )fNB/SNA) o
C

_(1 — 6) <l + <(1—@c)ig3/51v,4) 1in> .

no__
eEn =

Then, ase, — 1,

AT g+ (1= O)en)

n

- ! B R 1+((—1+i)8£)1_” 1,
1)51\7_B>ﬂ ec/) Sna

(e

C

P

ag, = Gea s (=0 —1—1,
o (1= 00—}

Bl —ec)+ (A —0) (1 — )t

(e et Gz )
+((-1+ ) S

SNa

and, ate, = e}, =1,

(1 )
no_ -1
Yoa (leq + (1 — L)ey)t—n b
11—/
d . - _
A= Gegr oy b
(- 01— ) L

0B = U1 ee) £ (1— D1 — )1

Therefore, af. ,, ol , and a5 continuously converge to their values at e, = 1 as e, — 1,
and G(e.) also continuously converges to its value at e = 1, which is greater than 0, as

ec — L. n
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B.2 Proof of Proposition 2: When safety implies liquidity

(a) Guess-and-verify: at 7 = 1, all the equilibrium equations are symmetric between the
A and B markets, so o4 = qoB, ¢14 = 15, and L, = Lp are satisfied. And ec = ey = 0.5

implies a4, = agz as well as a4 = a5, s0 symmetry is complete. O]

(b) In any interior equilibrium where e € (0, 1) and both assets are scarce and valued for
liquidity so that ¢14 < ¢*, 15 < ¢*, we can totally differentiate the equilibrium equations

around the scarce-interior equilibrium.

Post-trade quantities (equations A.16 and A.17):

( Saecqoa+ (1 —ec)qon
- (10 ( _ )
). M e ( M u(q1a) — u(qoa)
q1a =MmINQ g oa + ; 7
( SB quOA + (1 — GC)qOB
— (10 ( _ )
: . M 1—e. ( )(w(ai) — ulqon)
¢ip = MIN4 ¢, Jop + ;

\

Focusing on the scarce branch, total differentiate yields

Sa/M + wp(qoa) Sal—ec Sa qoB

0 dqia = 7 dgoa + M eod dqop — M 20 dec, (B.3)
wy(q15) _ Sp/M + wy(qop) Sp ec S qoa
7 dgip = 7 dqop + M (1= c0)d dqgoa + M (1= ec)?0 dec. (B.4)

Money demand (equations A.14 and A.15):

= 0 = By )~ 1)+ 6222 By ) 1),

which is equivalent to

i= (1 — WLO‘C]'> (u'(qoj) — 1) + ¢

(q15) —)@Cj(ul(fhj) -1), j=AB,

we(q1;
where
wy(q) = 0+ (1 —0)u'(q),

dca = Tag, + (1 —m)ad ,,

= — n
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Total differentiation yields

0 "ne o , L () — (o)) di
0=/ (1 — Q—UJ@((]U) OKCJ) u (QOJ) dQOJ + gwe(qu) ( (QI]) (qoj)) d Cj (BS)
—we(qu)QaCj (u//(QIj)we(QIj) — (U (quy) — u'(qoj))wg(qu))dqu,

Liquidity premia (equation 6):

Define a new variable, for j = A, B:

w&((hj) dcj(u/(qu) - 1>’

where Ly = L4 = (1+4)pa—1land L = nLp = (1+i)pp — w. Total differentiation yields
T 9 — " ! / 0 ! —
dLj = fm@@' (U (q1j)wo(qiy) — (W' (quz) — 1)wa(Q1j)>dQ1j + ém(u (q15) — 1) dag;.

C’s entry choice (equations 2, A.18, and A.19):

Scj = 9(“(@13‘) —u(qoj) — quj + QOj>7
SCJ = —iqoj — Ej ((1 — 0)(u(qj) — u(qo;)) + 0(qr; — QOj)) + (u(qoj) — qoj) + Lac;Scy-

Total differentiation yields

dSc; = - ((1 = 0)(u(q1;) — ulqo;)) + 0(q1; — qoj)>dij + (S dac;
+ ( — i+ Ljwo(go;) + £(u'(qo5) — 1)>dQOj — Ljwg(q15) dar; + Lac; dSe;,
where
( — i+ Ljwo(go;) + £(u'(qo5) — 1)>dq01 — Ljwg(q1;) dq; + lac; dSc;
= ( — i+ Ljwy(qo;) + £(u/(q0;) — 1) — Carc;0(u'(go;) — 1))quj
+ ( — Ljwe(q1) + Cac;0(u'(q15) — 1))dqu =0
since the coefficient of dqy; is equivalent to the first-version money demand. Thus,
dSc; = — ((1 — 0)(u(qy;) — ulgo;)) + 0(qr; — CJoj)>dEj + {S¢; dac;.
Therefore, we have
Glec) = Sca — Sc,
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and total differentiation yields

dG = dSca — dScp (B.6)
= - ((1 — 0)(u(qra) — u(qoa)) + 0(q1a — QOA))dEA +Scadaca

+ ((1 —0)(u(q18) — ul(qos)) + 0(q1B — QOB))dI/B — (Scp dacsp.

N’s entry choice (equations 3, A.20, and A.21):

anaSna = Ay pSNB,
Sx = (1= 0) (ula) = ulao) = ayj +ao; ).
Total differentiation yields

Sna dOénNA -+ O‘?\IA dSya = Sng do/X,B + O/X/B dSnp,

dSnj = (1- 9)(“’(%]‘) —1) dqj — (1—- 9)(“’(610]') — 1) dqo;.
Thus,

Snvadalyy + a1 —0) (W (q1a) — 1) dgia — afya(1 = 0) (' (q04) — 1) dgoa

(B.7)
= Sypdayp + ayp(l = 0)(w(qis) — 1) dgip — afyp(1 — 0)(v'(q5) — 1) dgos.

Matching probabilities (Section 3.1):

[ex (1= 0) + ecl]",
1=0)[(1—ey)(1 =0+ (1 —ex)]",
1—-0)+ ecé]"‘l,
afp=(1—ec)l[(1—ey)(1 =0+ (1 —ea)]",

aﬁl\,A =ecl[(1—-10)+ 605]77_1,

Total differentiation yields
daf = — (1 =)l — ey [en(1 =€) + ecl] 2 dec

+ %8 (1)1 = 0P 31— )+ ectP?] dex
N

dafy = (1= n)l(1 = (1 = k) [(1 = eh)(1 =€) + (1 — €))7 dec
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) [fx_—N — (=)= 01— ) [(L— 31— 0) + (1 @CWQ} den

doly 4 = {O;NA — (1 —n)Pec [en(1 —€) +ecl]?| dec
c
— (1 =n)(1 = Olec [eh(1 — £) + ecl]" 2 dely,

n

dajyp = — {1(1_1\73 — (L= (1—ec)[(1 —eR)(1—0)+ (1 - 60)@}?7—2} dec
€c

+(L=n)(1 =01 —ec) [(1—ex)(1 = 0) + (1 —ec)]" " dey,

dady = —(1 =1 =) [(1 =€) + ecl]"? dec,
d a?VA 2 2
daiy, = [— — (I =n)lPec (1 —10)+ect]" 7| degc,

Therefore, we have

Now restrict attention to the symmetric equilibrium with CRS matching. If Sy =
Sp = S and 7 — 1, then a symmetric equilibrium exists where e = e}, = 1/2. When

n = 0, the matching probabilities becomes

=~ = n n
QoA =0Qep =0Qpy =apg=1—1,

2(1 — )
Qoa= o Ty
o

which in turn implies o4 = qop = qo and ¢4 = 15 = ¢1. Total differentiation yields
dag, = —dagy = —daly, = dag = — 20(1 — 0) dec + 20(1 — 0) dey,
20\’
dad , = —da% . = —(1 —0)¢ (T) dec,
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Assuming CRS matching (7 = 0), put together (B.3), (B.4), (B.5), (B.6), (B.7) in matrix form:

Au = bdr, (B.8)
where:
- a -
(& —a b 0 —c 0] [ dec | 22-0)
a
—a a 0 —-b 0 —c de’y Y]
A— -0 0 —¢ 0 f g Cu= dq1A 7 b— 0 7
0 0 0 —e g f dg15 0
b -b j - -t ¢t dqoa 0
-m m n -n 0 0] | dqos | m
202 —1) |
and:
201 — 068 () — (@)
wa(q1) ’
(1 B E)@wg(qo) "
b=— U ,
w0<q1)2 <QI)
w0+ 1-0u(q) ,
= — u ,
we(Ch) (QO)
0= - a4
0
~ wy(q1)
= g
f_ 8 )
B S/M
==
h=4(1-1),
i = w(q) —1
u(qr) —u(qo) —q1 + qo’
o tla) -1

a u(qr) —u(go) — g1+ qo’

m— 4(1 = 0)0[u(q) — ulqo) — (¢ — q0)v'(q1)]
we(Q1

(1= 0)e0[(1 — 0)(u(q

we(‘h)

) )
) —

n=—

u(qo)) + 0(q1 — qo)]u”(ql).
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Note that a to n are all positive. With a symbolic software package, it is easy to check that
the solution is given by:

i _ —cehm — bfhm + bghm + 2afhn — 2aghn 7]
40(—2 4 £)¢(cjm + bkm + chn — 2akn)

cehm + bfhm — bghm — 2cdjm — 260¢m — 2afhn + 2aghn + 4adén
40(—2 + £)f(cjm + btm + chn — 2akn)

cZehm + befhm + beghm — 2acfim — 2acgjm — 2abfém — 2abgém
+2acfjfm + 2acgifm + 2abfelm + 2abgtfm — 2acfhn — 2acghn + 4a’fen
+4a’gtn + 2acfhln + 2acghfn — 4a%fln — 4a’gtln
4(ce + bf 4+ bg)(—2 + £)¢(cjm + btm + chn — 2atn)

—cZehm — befhm — beghm — 2acfjm — 2acgjim — 2abfém — 2abgém dr. (B.9)
+2acfifm + 2acgifm + 2abfelm + 2abgtlfm — 2acfhn — 2acghn + 4a’fén
+4a’gen + 2acfhin + 2acghfn — 4a’feln — 4a’gtin
4(ce + bf 4+ bg)(—2 + £)¢(cjm + btm + chn — 2atn)

+2abetlm + 2abfhn + 2abghn + 4aen + 2acehln — 4a%etln
4(ce 4 bf + bg)(—2 + £)¢(cjm + bem + chn — 2atn)

( —beehm — b2fhm — b2ghm — 2acejm — 2abefm + 2acej/m >

—bcebm — b2fhm — b2ghm + 2acejm + 2abetm — 2acej/m — 2abetlm
+4acehn + 2abfhn + 2abghn — 4a%ebn — 2acehfn + 4a®etln
4(ce 4 bf + bg)(—2 + £)¢(cjm + btm + chn — 2atn)

Now, look at the liquidity premium:

Ly=1t (magq + (1= m)ad ) (W (qra) — 1),
wa(ChA)
4 n / o
LB = gmaCB(u (QIB) ].)

Total differentiation, when 7 — 1 in the symmetric equilibrium, yields

u"(q1) u'(q) — 1 d u'(q) — 1
ALy = 0 ———5ad 4dgra + 00————(afyy — ag ) dm + 0————day. 4,
A w@(ql)g cAdqiA we(m) ( CA CA) w9<q1) CA
u"(q1) u'(q) —1
dLg = /0 atpdgig + 00 ————dalt .
P ()2 I T () OB
Therefore,
u"(q1) uw(q) — 1 d u(q) —1
dLy —dLp = 00— (dgiq4 — d +00—————(a , — a% 4 )dm + 00———(dal , — dalhp).
A B we(q1>2( 414 ¢1B) wo(q1) (s ca) walqr) (dag 4 ¢B)
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Since:

apa=1—10 o, = 2(21__;), and dag, = —dagy = —20(1 — 0)(dec — dey),
we get:
u(qq) w(q) —16(1—20) w(q) — 1
dLy — dLg = (6 dg1a —d — 10 dm — M0—————((1 — {)(dec — dey
! ’ w9(Q1)2( B4~ dais) wo(q) 2-4 wo(q1) ( ){deo v)

(B.10)

In order to ensure dL, — dLp < 0, we want each term in dL4 — dLp to be negative.
The second term is obviously negative. To determine the sign of the first term, look at
dqi 4 — dg15. From (B.9),

chm
2 — 0){(cjm + bbm + chn — 2atn)’

dgia —dqip = o

The sign of dg; 4 — dg1 5 depends on that of ¢jm + bfm + chn — 2atn in the denominator. We
define:

D = gm+ btm + chn — 2atn

- o _u// o (1 — €>8 u/ . S_l
= [46(1 ﬁ)we(ql)] [ (q0) (1 @) )E( (1) — 1) 5
) (1= ) (- 0 s - v S - 0|
where:

S =u(q) —ul(q) — ¢ +q >0,
S = (1= 0)(u(q) — u(q)) + 6(q — q0) > 0,
St =u(q) — ulgo) — v (1) (@1 — q0) >0,
S0 = u(q1) — u(go) — ' (o) (1 — o) < 0.

St > 0and S° < 0 due to the strict concavity of u. For the first term in dLs — dLp to
be negative, we want ® > 0 so that dg14 — dg1g > 0. The first and the second terms
in the second bracket in © are positive, whereas the third term is negative. If 6 — 0 or
{(1—1¢) — 0, then ® > 0. In case of quadratic utility, u(q) = (1 + v)q — ¢*/2 with ¢* = ~,
we can show that ® > 0 is always the case for all (¢, ). First, observe the following from
the sum of the second and the third terms in the second bracket in ©:

— " o (1 — 6)0 _ _u”(ql) 0 _ o (1 — 6)'9 u _ S_O
) (1= 5 (- 0 B S D) - )%
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> g1~ =B g0 g 08 e

we(q1) wy(q1) g(UI(qO) N 1)F
_ () L8084 o
= o (1= 05 [ (@)"S + (u'(a0) = 105°],

where the first inequality comes from u/'(¢;) = 1 +¢* — ¢ > 1 > (. Denote Y(6)
—u"(q0)SS + (v (go) — 1)0S°. Observe that T(6 = 0) = —u"(qo)(u(q:) — u(g))S > 0;
YO =1)= (g1 —q)*(¢" —q1)/2 > 0; and dY /df = (u'(qo) — 1)S" + S%u"(qo) < 0. Therefore,
T > 0and ® > 0. For other cases, including log utility, we verified numerically and could

S

not find any case where ® > 0 is not satisfied. ® > 0 implies that dg;4 — dg1z > 0 and
that the first term in dL 4 — dLp is negative.
To determine the sign of the last term in Equation (B.10), look at dec — de’,. From
(B.9),
gm + bfm — 2aén
22-00D

Since © > 0, the sign of dec — de}; depends on that of ¢jm + bfm — 2aén in the numerator:

dec — de’y =

¢gm + btm — 2aén

= faea -0t e (1- S0 ) - 1%~ = Pt - %]

wo(q1) wo(q1) wo(q1) S
For the third term in dL4 — dLp to be negative, we want ¢jm + btm — 2atn < 0 so that
dec — dely; > 0. The first term in the second bracket is positive, whereas the second term is
negative. From the equation, we can see that if (1—/)@ is sufficiently large, cjm+bém —2atn
becomes negative, dec — dey, becomes positive, and the third term in dL4 — d L becomes
negative. Below is the figure that numerically shows in the (¢, 6) plane the parameter

space where the third term in dL4 — dLp is negative (A) and where it is not (B):

1 1 1

A A
A
0 7 7
B
B
B
0 0 0
0 /¢ 1 0 / 10 14 1
Small asset supplies Medium asset supplies Large asset supplies

In region A, the third term in dL4 — dLp is negative, so all the components of dL4 — dLp
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are negative, while in region B the third term is positive. Under the sufficient condition
that (1 — £)6 is large enough, we will always be in region A so that all the components of
dL4 — dLp become negative. Finally, (dL4 — dLg)/dr < 0 in turn implies that for dr < 1
near 7 = 1, whichis to say 7 < 1, we have L4 > Lp. l

B.3 Consolidated secondary asset market
B.3.1 Analysis of value functions and terms of trade

First, we analyze the value functions in the CM. The value function of an agent who
enters the CM with m units of money and d; units of asset j, j = {A, B} in state s = {n, d}
is given by

Wy(m, da,dp) = max {X — H + BBy |0 (1, da, dp ) | }
ndadp
st. X + (i + pada+ppdp) = H+ o(m + pM + da + dp-I{s = n}),
where
By | (1, da.dp )| = w0 (i, daydi) + (1 = O (1, di, di)
+ (1= (1 di, d ) + (1= m)(1 = 9% (i, da,dp )
and €2 denotes the value function of an i-type agent, : = {C, N}, who enters the consoli-

dated OTC market in state s.
Next, the value functions in the consolidated OTC market are given by

Qg m dA,dB Oécv (m+§ dA XZ,CZB —X%)—i—(l —aC)Vn(m,dA,dB),
(m + é-d dA XdA7 dB) + (1 - OZC)‘/;l<m, dA7 dB)7
anW,(m =& da+ X%, dg + X5) + (1 —an)Wyh(m,da,dg),

(m 5 dA"‘XA’dB) (1—aN)Wd(m,dA,dB),

Q

n
deAa B
d
QN

( ) =
Q%(m,d s, dg)
( ) =
(m,da,dp) =

where £° is the amount of money that gets transferred to a C-type, and x; is the amount
of asset j that gets transferred to an N-type in state s.
Finally, the value function in the DM is given by

‘/s(ma dA7 dB) - U(q) + Ws(m -7, dA7 dB)

We now turn to the description of the terms of trade in the various markets, starting
with the DM. Since this version of the model has no differences regarding the bargaining
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protocol in the DM, the bargaining solution is still given by

Next, we turn to the terms of trade in the OTC market. Consider a meeting be-
tween a C-type with portfolio (m,d4,dg) and an N-type with portfolio (17, d4, dp). The
bargaining surpluses of an i-type agent in state s, S/, are given by

St =Va(m +&",da — X%, dp — XB) — Va(m,da,dp) = u(e(m +&")) — ulem) — px’s — ©xXB,
Sy = Wi — &, da+ X4, dg + X3) — Wal(, da, dp) = —0&™ + ox4 + ¢XB,

St =Va(m + &%, da — x4, dg — XB) — Va(m, da, dp) = u(o(m + &%) — u(em) — x4,

Sy = Walii = €% da + x4, d + x5) = Wal(rin, da, ds) = =€ + ox4.

We now describe the bargaining solutions. For (£", x4, x;), we have

oxXh + X = (1 = O)[u(p(m +£")) — u(em)] + 0p8",
" = min{m* —m, é”},

§" ={¢ pda+ pdp = (1 - 0)[u(p(m + £)) — u(pm)] + ¢},
For (£%,x%), we have
ox%h = (1= 0)[u(p(m+£7)) — u(em)] + 0o,
¢ = min{m* —m, £,

€' ={&: pda = (1= O)[u(p(m + €)) — ulpm)] + b€},
We can now derive the objective function of an agent in the CM, which is given by
J(m, da, CZB) = —p(m +pada +pBCZB) + Bplm + da+ WCZB]
+ Blu(pm) — ¢+ TacSE + (1 — 7)acSE].
B.3.2 Equilibrium

We now describe the steady state equilibrium of the model with the consolidated OTC
market. The core variables are {qo, ¢}, ¢¢}, and we will describe the derivation of equilib-
rium following the same methodology as in the baseline model. For this analysis recall
that we have defined wy(q) = 0 + (1 — 0)u'(q) > 1.

% Given that there is one consolidated OTC market, the matching probabilities are simply given by
aczl—éandozN =/.
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First, the money demand equation is given by

i=/0|1—7ac [u'(qo) — 1] (B.11)

we (i)

wa(qT) [u'(q’f) —Ar - W)acwe(fﬁl)

The OTC trading protocols,

+ lrac

¢ = min{q*, go + ¢&"},
¢! = min{q*, qo + €},

combined with the OTC bargaining solutions,

pda+ edp = (1—0)[u(q}) — u(qo)] + 0",
pda = (1—0)[u(q]) — u(qo)] + 0,

and the market clearing conditions,

SA - dA7 SB = dBv SOM = qo,

yield
do do n
. MSA + MSB — (1= 0)[ulqy) — u(qo)]
¢y =min ¢", qo + i : (B.12)
175~ (1= D)fula?) — u(a)
g} =min< ¢, qo + ; . (B.13)

Of course, with one consolidated market, we do not have to worry about entry decisions,

which is why this version is so much simpler than the baseline model.

Definition 3. For given asset supplies {54, Sg}, the steady-state equilibrium for the core
variables of the model consists of the equilibrium quantities, {qo, ¢7, ¢{}, such that (B.11),
(B.12), and (B.13) hold. The remaining variables follow directly from the core variables as

in the baseline model.

B.3.3 Proof of Proposition 3

This proof assumes that asset supplies are jointly small enough so that assets are priced
at a liquidity premium at the margin. In other words, we assume that asset supplies are
such that ¢7, ¢¢, implicitly defined in (B.12) and (B.13), satisfy ¢* > ¢} > ¢{.
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The liquidity premium of asset j, denoted by L}, is given by the percentage difference

between an asset’s price and its fundamental value, and it solves

1 T
PA 1+2'( + La), PB 1+i( + Lp),
where
0 1 0 1 d
La=trac——u'(q]) — 1] + (1 — 7)ac o [u'(q7) — 1],
wo(q1) wo(qt)
0
Lp = loc——[u'(q7) — 1].
WG(%)
These can be rewritten as
u'(qy) — 1 u'(gf) — 1
Ly=Yacd|m———— + (1 —
4= fae { @) T @
(a™) — 1
Lp = tach {%} .
wo(qt)
Notice that
g( @) —1
<1l 1—-7>0 wo(q) = w(g) <0, and ¢ > ¢¢
) 9 dq WG(Q)Q ) 1 1
Therefore, L4 > Lp. l

B.4 Result 1 with an alternative liquidity measure

In this appendix, we prove that Result 1 (safety implies liquidity) remains valid if we
adopt a different measure of asset liquidity, namely, trade volume in the OTC market.
Before we state and prove the formal proposition, we need to define trade volume in the
OTC markets. The OTC trade volumes in the normal state are defined by

Al = flegt, e (1 = £))-xa(m, da),
Ap = f((T=eo)t, (1 = en)(1 = 0)-xp(m, dp),

where
. dy) = min{d, i}, dy = 2=,
2(6) = (1= 0) (up(m + ) — ulem) ) + 0,
dy = ‘:—2 dp = fBeC.
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These reduce as below:

[ m(( = 0)(ule) ~ ulgoa) + 0l — @) g,
Ay = ecl o, min s (o

ecqoa + (1 —eq)qoB €c
M (1= 0)(ula") — ulaon) +0a" —ao8)) 5,
ecqoa+ (1 —eqn)qon 1 —eq

The OTC trade volume of market A in the default state is defined by

A% = flegl, 1 —€)-xalm,dy)
2 (1= 6)(ulq") ~ ulgon)) + 80"~ q04)) g,

)

ecqoa + (1 —eq)qon €c

—_ d ;
= ecl a4 min

Then, the OTC trade volumes, averaged across the normal and default states, are

Ap=7AG+ (1 —m)AY,
Ap = AL,

(B.14)

Proposition 4. Assume that asset supplies S 4 and S are equal and are low enough so that assets
are scarce in OTC trade. Then:

(a) At m = 1, there exists a symmetric equilibrium where ec = ex = 0.5, Qoa = GoB, Q14 = Q1B,
and Ay = Ap.
(b) Assumen = 0(CRS) and (1—10)0 is sufficiently large. Then, locally, 7 < 1 implies Ay > Apg:

the safer asset is more liquid.

Proof. (a) Notice that when assets are scarce in OTC trade:
W=LlagaSa, AL =latsSE, A% =rta ,S,.
Therefore,

Ay =[rag,+ (1 — W)adCA]~€SA,

Ap = magg-lSE.

In Proposition 2 (a) we have proved that at 7 = 1, there exists a symmetric equilibrium
where ec = ey = 0.5, g4 = qoB, 14 = @1, and L4 = Lp. In that symmetric equilibrium,

Ay = Apsincer =1and ag, = afp. O]
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Figure 11. OTC trade volumes as functions of ©

Notes: The figure depicts the trade volumes in OTC 4 and OTCp, A4 and Ap as defined in Appendix B.4,
as functions of 7, for S4 = Sp. In the left panel we assume the matching technology is CRS ( = 0), and in
the right panel we have n = 0.5. The parameters used in the figure are: M = 1,7 =0.1,{ = 0.5,6 = 0.5,
Sa = Sp = 0.05, with log utility.

(b) In any interior equilibrium where e € (0, 1) and both assets are scarce and valued for
liquidity so that 14 < ¢*, (15 < ¢*, we can totally differentiate the equilibrium equations
around the scarce-interior equilibrium. We restrict attention to the symmetric equilibrium
with CRS matching (n = 0). If Sy = Sp = S and © — 1, then a symmetric equilibrium
exists where e = e}, = 1/2. Total differentiation of trade volumes, when 7 — 1 in the

symmetric equilibrium, yields

dA s = £S(af, — ol )dr + 0Sdal .,
dAp = (Sdag.g.

Therefore,
dA4 — dAp = £S(al, — ol )dr + S (daf , — daly).

Since, in the symmetric equilibrium with CRS matching,

2(1 — 1)

5 7 and dag, = —dagy = —20(1 — 0)(dec — dey),

n d
aga=1—1L, ag,=

we get

dA, — dAp = —es%dw — 40%(1 — 0)S(dec — det,).
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The first term is obviously negative. In the proof of Proposition 2 (b) in Appendix B.2, we
have proved that dec —deR, > 0if (1—¢)6 is sufficiently large, in which case dA 4 —dAg < 0

and, near m = 1, we have A4 > Ap. l

Figure 11 graphs the trade volumes in the two OTC markets as functions of 7 for the
cases of CRS and IRS. As seen in the figure, the trade volume is higher in the secondary
market for the safer asset, and the difference in trade volumes between OTC 4, and OTCp
is decreasing in % This is quite intuitive. The description of the mechanism behind
Result 1 in Section 4.1 highlights that as 7 decreases, more agents will choose to coordi-
nate in the market for asset A. Thus, it is not only the liquidity premium of asset A that

increases in the default probability, but also the volume of trade in that market.

C Extensions and Microfoundations

A key assumption in our analysis is that secondary markets are segmented and agents
can hold only one asset per period. The first part of this assumption is certainly realistic
(see discussion in Section 2.1). The second part of the assumption is stronger but, clearly,
it is not meant to be taken literally.

Our model aims to explain the puzzling observation that the virtually default-free
AAA corporate bonds are less liquid than the less safe AA corporate bonds. As we dis-
cuss in Section 4.3, a necessary condition for this “disconnect” between safety and lig-
uidity is that the assets in question trade in segmented secondary markets. Interestingly,
in a report on the corporate bond market structure (BlackRock, 2014), the authors char-
acterize the corporate bond market as “fragmented” and make a number of proposals
to increase the “deteriorating liquidity” of corporate bonds. Most notably they suggest
that regulators should work towards consolidating the secondary markets for corporate
bonds. This view is supported by the empirical findings of Oehmke and Zawadowski
(2016), who find that “the fragmented nature of the corporate bond market impedes its
liquidity” (emphasis added).

The discussion thus far suggests that adopting a model with some market segmen-
tation is not only theoretically interesting, but also empirically relevant. However, one
may still wonder whether we need this strong version of market segmentation, whereby
each agent can only hold one asset at a time. The answer is that this version of the mar-

ket segmentation assumption is necessary only for tractability, i.e., for obtaining analyt-

26 Within the context of a different model, Velioglu and Uslii (2019) obtain a result with similar flavor.
They develop a multi-asset version of Dulffie et al. (2005) and find that safer assets trade in larger quantities.
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ical solutions (e.g., Propositions 1 and 2), but it is not necessary for the main results.
To demonstrate this, we develop versions of the model with weaker segmentation as-
sumptions: first, one where there is no restriction on portfolios in the CM, i.e., agents can
hold both assets A and B (though they can still enter only one OTC market in the next
subperiod); second, one where agents have the choice between a segmented secondary
marketplace with two OTC submarkets, and a consolidated one. In both cases, we show
that the strong market segmentation adopted in the baseline model as an assumption arises
as an endogenous equilibrium outcome in a more general model where agents are given the
option to avoid such segmentation. In both cases, we evaluate the more complex model
at the parameters of the calibrated baseline model, and show that the results are indeed

observationally equivalent to the ones from the baseline model.

C.1 Endogenous asset specialization

In this section, we relax the assumption that each agent must hold only one asset in the
CM, and replace it with the assumption that they can hold both assets but visit only one
OTC market per period. This allows agents to “specialize” in asset B (and visit OTCp
in the normal state), while carrying some asset A for precautionary motives, i.e., with an
intention to sell it in OTC, in the case that asset B defaults. We find that despite giving
agents the option to carry asset A as a precaution, they choose to not exercise it. Thus,
instead of having asset specialization imposed on them, agents will endogenously choose
to specialize in one asset, hence the heading “Endogenous asset specialization”.

The details of the analysis follow in the next sections (C.1.1-C.1.2); here, we summa-
rize and discuss the main results. We find that the structure of equilibrium looks similar
to the baseline model, in the sense that we still have some agents specializing in asset A
and some others specializing in asset B. Obviously, agents who hold asset A do not have
an incentive to carry any asset B: OTC, is always open, and if asset B carries even the
slightest liquidity premium (a case that we consider to be the interesting one), it is not
optimal for the agent to pay a liquidity premium for two types of assets, while she only
gets to benefit from the liquidity services of one of them. However, that is not necessarily
true for agents who specialize on asset B. These agents may well choose to carry some
asset A as a precaution, and liquidate it in OTC, in the event that asset B defaults. Thus,
the current version of the model has a new key equilibrium variable, denoted by d 4, that
captures the optimal amount of asset A chosen by an agent who otherwise specializes in
asset B and plans to visit OTCp in the normal state.

Figure 12 illustrates the equilibrium value of the crucial variable dg4, which encap-
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Figure 12. Optimal holdings of asset A by the various agents as functions of 7

Notes: The figure depicts the amounts of asset A held by agents who specialize in asset A (ecd4) and agents
who specialize in asset B ((1 — ec)dp4), which sum up to the entire supply of asset A. The figure is based
on the calibrated parameters presented in Table 1, except that here we focus on full default, i.e., p = 0. The
figure uses corporate bond supply data for the period 2004-2011.

sulates the difference between this version of the model and the baseline one. The figure
is based on the calibrated parameters discussed in Section 5. For comparison, the figure
also presents the optimal asset A holdings of agents who choose to only hold that asset.
The main finding is that even though agents who specialize in asset B have the option to
bring some asset A for safety, they typically do not exercise this option. More precisely,
we observe that for any (roughly) 7 > 0.02, dga = 0, i.e., agents who specialize in asset B
will find it optimal to carry a positive amount of asset A, only if the probability of default
is in the order of 98% per period. But, as we explained in Section 5, the probability of
default for which our model matches the data well is in the order of 0.4-0.5%.

The main reason why agents do not carry asset A for precautionary motives is that
asset A does not provide a very cheap insurance; it carries a hefty liquidity premium
(see Result 1). Moreover, agents in our baseline model already had a way of insuring
themselves against the default shock; namely, they could bring money. Generally, agents
are more likely to exercise this new option and carry some asset A for safety when asset
A is cheaper and inflation is higher. It should be noted that this analysis has assumed
full default, i.e.,, p = 0. But notice that for any value of p > 0 agents would become

even less willing to insure themselves against the default shock by carrying asset A, thus
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strengthening our result.

In conclusion, we considered a version of the model with weaker segmentation as-
sumptions and found that agents choose to endogenously specialize exclusively in one
asset. Thus, full segmentation and specialization in one asset, which was imposed as an

assumption in the baseline model, here arises endogenously as an equilibrium result.”

C.1.1 Analysis of value functions and terms of trade

We will use the term A-specialist (B-specialist) to describe the agent who visits OTC4
(OTCp) in the normal state. An A-specialist does not have an incentive to carry any
asset B, but a B-specialist may very well choose to bring some asset A for precautionary
motives, i.e., in order to liquidate some asset A if asset B defaults. In the baseline model
this was not an option, since agents had to specialize exclusively in one asset. To help the
reader understand how the new assumption changes the analysis, in what follows, we
present in blue color all the terms that are new compared to the baseline model.

First, we analyze the value functions in the CM. The value function of an agent who
enters the CM is given by:
Ws(m,da,dga,dg) = max {X - H

X,H,m,
da,dpa,dp

+ ﬁemax{ngA <m da,dpa, CZB> + (1m0, <m dadpa, CZB> ,
7T(ZTC]"B (ma CZA: CZBAa CZB) + (1 - W)QdclvBA <m7 CZA, CZBA, CZB)}

+ 81— O)r max{%A (m da,dpa, CZB) LQn (m da,dpa, CZB> }

% We can also ask what happens if agents are allowed to participate in both markets, in the sense of
splitting their time/effort to searching in both markets, as long as we maintain the assumption that they
can only consummate a match in one of the markets. In that case, asset sellers (who are already locked
into their portfolio) would always strictly prefer to allocate all their time to either one of the two OTC
markets. As we have shown in the relaxed model, every portfolio is dominated in equilibrium except two:
a portfolio of holding only asset A and none of B, and a portfolio of holding asset B and possibly also a
smaller amount of asset A (which could be zero in equilibrium, and indeed turns out to be zero if evaluated
at realistic parameters). Agents who only hold asset A obviously strictly prefer to enter OTC,4. Agents
who hold asset B are willing to do that even given the default risk, therefore ex post in case of no default
they must strictly prefer to be in OTCg. And in case of default, if they do happen to hold some asset A in
equilibrium, obviously they enter OTC 4 as well. By the definition of our equilibrium, asset buyers must be
indifferent between entering either OTC market. If they could allocate a marginal unit of effort between the
two markets, they would still have to be indifferent between spending that marginal unit in either market.
So, there is no loss of generality to assuming that asset buyers also allocate their full search effort on either
one of the markets.
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YA — 01— ), (m dardpa, CZB) }

s.t. X + gp(m—f—pAcZA —I—pAcZBA +deB) =H+pm+puM+da+dga + dg-I{s =n}).

This value function is very similar to the one in the baseline model, but there is one im-
portant difference. We have now introduced the new key variable dz4 which stands for
the amount of asset A carried by a B-specialist.

We now describe the value functions in the OTC markets. Like before, (2}; denotes
the value function of an i-type agent, i = {C, N}, who enters the OTC market for asset j
in state s. What is new is that now we have a new term, Q% 5 ,, that stands for the value

function of the B-specialist (who enters OTC4) in the default state. We have:

Qta(m,da,dpa,dp) = ag,Va(m +&a,da — xa,dpa,dp) + (1 — agis) Va(m,da,dpa,dp),
QL a(m, da, dpa,dp) = ol ,Va(m + Ea,da — Xa,dpa,dp) + (1 — aly)Va(m, da, dpa, dp),
Qtp(m,da,dpa,dp) = aggVa(m + €5, da,dpa,dp — X5) + (1 — adg)Va(m,da,dpa,dp),
O pa(m,da,dpa,dp) = afsVa(m + €54, da,dpa — XBa,dg) + (1 = aly)Va(m, da, dpa, dp),
Qyalm,da,dpa,d) = AN Wh(m —Ea,da + xa,dpa,dp) + (1 — ay ) Wa(m,da,dpa,dp),
Qyp(m,da,dpa,dp) = aygWa(m — g, da,dpa, dp + Xpg) + (1 — ap)Wi(m, da, dpa, dp),

ecWa(m —&a,da + xa,dpa,dp)
Q(]jVA(ma da,dpa,dp) = a?VA d d
+ (I —ec)Wa(m — €54, da, dpa + Xpa, dB)

+ (1 - aﬁlVA)Wd(ma dA7 dBA: dB)

Again, there is an important difference compared to the baseline model. In the default
state, an N-type who visits OTC,4 realizes that she may match with an A-specialist (as
was the case in the baseline model), but she may also match with a B-specialist who
visited OTC 4 because asset B defaulted (assuming that this agent chose dg4 > 0). Thus,
in this version of the model we need to define two sets of terms of trade in OTC,4: &4
and x4 denote the amounts of money and asset A, receptively, traded between an N-type
and a C-type A-specialist, and £%, and x%, denote the amounts of money and asset 4,
respectively, traded between an N-type and a C-type B-specialist. Of course, this type of
meeting can occur only in the default state. Also, £} and x’; are the amounts of money
and asset B, receptively, traded between an N-type and a C-type B-specialist in OTCp in
the normal state.

Finally, the value function in the DM is given by
Vs(m7 dA) dBA) dB) = U(Q) + Ws(m - T, dA7 dBA7 dB)
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We now turn to the description of the terms of trade in the various markets, starting
with the DM. Since this version of the model has no differences regarding the bargaining

protocol in the DM, the bargaining solution is still given by
g(m) = pm, 7(m) =m.

Next, we turn to the terms of trade in the OTC markets. Consider a meeting in OTC;
between a C-type asset seller with portfolio (m,da,dpa,dg) and an N-type asset buyer
with portfolio (7, d A, dp A, CZB). As already explained, for a C-type A-specialist dgsy =
dp = 0, and for a C-type B-specialist d4 = 0 and dp4 may or may not be zero. The
bargaining surpluses in the various types of meetings are given by

Sca = Va(m+8a,ds — xa,dpa,dg) — Va(m,da, dpa,dp) = u(p(m +£a)) — u(em) — xa,
Sép = Valm + &g, da, dpa, dp — X) — Va(m, da, dpa, dp) = u(e(m + g)) — u(em) — oxg,
Stpa = Va(m + &G, da, dpa — Xpar dp) — Va(m, da, dpa, dg) = u(p(m + £5,4)) — ulem) — xpa,
Sna =Wy — &a,da + Xa.dpa, dp) — Wi (i, da, dpa, dp) = —p€a + ©Xa,
Siip = Walm — &, da, dpa. dp + XE) — Wl da, dpa, dp) = =o€ + oX5,
Sivpa = Waliit = Ega,das dpa + Xfas dp) = Wa(i, da, dpa, dp) = =€k 4 + X a-
The notation used in the expressions above is standard, with the exception of the new
terms, 8¢, and S¥ 5 4, which are now introduced because we have a new type of meeting
in OTC,4 in the default state. The former is the surplus of a C-type B-specialist selling
asset A in OTC 4 in the default state, and the latter is the surplus of a N-type who matched
with a B-specialist in OTC 4 in the default state.

We now describe the bargaining solutions in the OTC markets. For ({4, x4), we have

pxa = (1= 0)[u(p(m +&a)) — ulpm)] + 0p&a,
&4 = min{m”* — m,gA},
Ea=1{¢: oda=(1=0)u(p(m+ &) — u(em)] + O¢}.
For (%, x’;), we have
exp = (1= 0)ulp(m + &) — ulem)] + 0p¢E,

fg = mln{m* —m, g%}7

&p = {€: pdp = (1= 0)ulp(m + &) — u(em)] + 0p¢}.
Lastly, for (€44, x%4), we have
PXa = (1= O)[u(p(m + E54)) — ulpm)] + 0p€f 4,
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S%A - mln{m* —m, g%A}a

€ha = (€1 wdpa = (1= O)[ul(p(m + &) — u(om)] + Op€}.
We can now derive the objective function of an agent in the CM, which is given by

J(,da,dpa,dp) = —p(in + pada + padpa + ppdp) + Bp[m + da + dpa + wdp)
+ Bl|u(m) — o + max{ﬂagASCA + (1 = m)adsSca, matpSip + (1 - W)aéASgBA}H :

Notice that the maximum operator in the second line represents the choice of the agent to
become an A- or a B-specialist. Unlike in the baseline model, where B-specialists do not
trade in the OTC in the case of default, here these agents can visit OTC 4 and sell asset A,
assuming they chose to bring dg4 > 0.2

C.1.2 Equilibrium

We now describe the steady state equilibrium of the model. The core variables are {go4,
@14, QoB, 1B, 4BA, AdBa, €c, €}, and we will describe the derivation of equilibrium follow-
ing the same methodology as in the baseline model. For this analysis recall that we have
defined wy(q) =0 + (1 — 0)u'(q) > 1.

First, the money demand equations are given by

= 0|1 = (i + (1= mata) | W) - 1 1
+maa+ (1= M) )~ 1),

= 1= oy = (1= mad o) - 1 )
+€wa83@[u'(q13) — 1]+ (1 - W)Q%Aﬁ[u'(qBA) —1].

The OTC trading protocols,

1A = min{q*a doA + SOEA}>
9B = min{q*a qdoB + (;Dgg}a
qpa = min{q*, qop + ©EE 4},

28 Notice that the term ¢, , appears in both arguments of the maximum operator. Why is the matching
probability of a C-type in the default state the same regardless of her specialization choice? The reason is
that here in the case of default all agents visit OTC 4. Therefore, the matching probability of a C-type does
not depend on which asset she chose to specialize in, and it is given by o, , = f(¢,1—0)/¢{ =1 — L.
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combined with the OTC bargaining solutions,

pda = (1 —0)[ulqra) — u(goa)] + 0p€a,
pdp = (1—0)[u(qs) — ulqos)] + 008,
wdpa = (1 — 0)[ulgra) — u(qop)] + 00EE 4,

and the market clearing conditions,

Sa=ecda+ (1 —ec)dpa, Sp=(1—ec)dp, oM =-ecqua+ (1—ec)qn;

yield
e +(1—e Sp—(1—ec)d
N can + (1~ cclaun 52~ - NBA _ (1 _ 0)fufgra) — u(gon)
Q1a =min g ¢, qoa + 0 |
(C3)
ecdos + <Al4 — cc)on : fBe — (1= 0)[u(az) — ulgon))
qip = min ¢ ¢*, qop + 0(9 7 4
( e +(1—e
| cqoA (M c)don dpa — (1 —0)[u(gpa) — u(qon)]
qpa =miny ¢", qos + 0 . )

The next task is to describe the agents” entry decisions. To that end, it is useful to
start by describing the liquidity premia of the various assets. The liquidity premium of
asset j, denoted by L;, is given by the percentage difference between an asset’s price and
its fundamental value, and it solves:

™

pA=1+Z.(1+LA), pB=1+Z.(1+LB),
where:
0
La=/{l(rag,+ (1— ﬂ)adCA)m[u/(qlA) — 1], (implied by FOC of A-specialist)
0(q14
La=1((1- W)&%AL[UI(C]BA) —1], (implied by FOC of B-specialist)
wy(qpa)

Ly = la® (qip) — 1],

B Qcp wo(qip) (W (q1B) ]

The first equation for L4 comes from the first-order condition of A-specialists, and the

second comes from the first-order condition of B-specialists. Of course, in equilibrium,
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the right-hand sides of these two expressions must be equal to each other, and this is
the additional equilibrium condition that we need in order to solve for the additional
equilibrium variable, namely, dz 4. Hence, we have:

0 0
wa((lm) we(CIBA)

Moving on to the entry decisions, the optimal entry of C-types is characterized by:

Umag, + (1 - W)OdeA) [U,(qm) —1] =1~ 7T)Oédc,ax [u/(QBA) —1]. (C.6)

1, Sca > Sep
ec =19 0, Sca < Scp (C.7)
€10,1], Sca=Scs,
where:
Sca = —iqoa — La [(1 — 0)(u(qra) — u(qgoa)) +60(q1a — QOA)]
+/ [u(qu) — qoa + (mag, + (1 — W)adCA)SCA],
Sca = 9<U(Q1A) —u(qoa) — qua + QOA>7
and

Scp =—iqos — La [(1 —0)(u(gpa) — u(qon)) + 0(gpa — QOB)]
— 7L |(1 = 0)(ulqus) = ulgon)) + O(a15 — qos)|
+ ([ulaon) — don + TSty + (1 — W)l Skpal,
Scp = 9(“(913) —u(gon) — Q15 + QOB>7
Stpa= 9<U(C]BA) — u(gop) — qBa + QOB>-
The optimal entry of N-types is always simpler and characterized by:

ey =14 0, afaSna < aRpShp (C.8)
€ [07 1]7 CVT]ifASNA = O/]ifBS]T\LfB )

where
Sna=(1-0) (U((hA) —u(qoa) — qua + QOA>>

Syp=(1-0) <U(Q1B) —u(qoB) — @18 + q0B>-
Definition 4. For given asset supplies {54, Sg}, the steady-state equilibrium for the core
variables of the model consists of the equilibrium quantities and entry choices, {go4, ¢14,
qoB, 1B, 4BA, dBa, €c, €}, such that (C.1), (C.2), (C.3), (C.4), (C.5), (C.6), (C.7), and (C.8)
hold. The remaining variables follow directly from the core variables as in the baseline

model.
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(a) A numerical example with CRS (b) Calibrated parameters with IRS
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Figure 13. The agent’s surplus from visiting the segmented and the consolidated market-

places as a function of e, the fraction of agents visiting the consolidated marketplace.

Notes: S; and S, are the surpluses of the typical agent from visiting the segmented and the consolidated
marketplaces, respectively. These terms are defined in (C.30) and (C.31). Panel (a) (CRS) illustrates the case
where S4 = Sp = 0.05 and 7© = 0.95. Panel (b) is based on the calibrated parameters presented in Table 1.
The figure uses corporate bond supply data for the period 2004-2011.

C.2 Model with two marketplaces

The goal of this section, similar to that of Section C.1, is to emphasize that the market
segmentation imposed in the baseline model by assumption can arise endogenously in
a model where agents have the option to avoid such segmentation. To give them this
option we develop a model with two distinct marketplaces. Agents can pay an ex-ante real
cost, k1, and visit the “segmented marketplace”, which consists of two submarkets, OTC 4
and OTCp. Once in this marketplace, agents must choose to visit either OTC 4 or OTCp,
exactly as in our baseline model. Alternatively, agents can pay an ex-ante real cost, xs,
and visit the “consolidated marketplace”, where they can trade both assets A and B in
a single OTC market. Notice that this “consolidated” marketplace is not new; it is the
market described in Section 4.3 of the main text. Matching and bargaining remain the
same as in the baseline model.

The details of the analysis follow in Sections C.2.2-C.2.4 below; here, we summarize
and discuss the main results. Figure 13 (a) illustrates the surplus of the typical agent

from visiting the segmented and the consolidated marketplaces, in the case of CRS, as a
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function of e, which denotes the fraction of agents visiting the consolidated marketplace.
Since the consolidated marketplace offers agents the option to trade both assets, one may
expect that all agents would be attracted to that market. Our results show this is not
the case because our model also contains a force that makes the segmented marketplace
desirable. The intuition is as follows. The agent’s entry decision weighs her benefit from
visiting the two marketplaces. As a C-type, the agent may (or may not) prefer the consoli-
dated marketplace because it offers a form of insurance in case asset B defaults. However,
as an N-type, the agent always prefers the segmented marketplace because that environ-
ment offers her the ex-post flexibility of visiting either submarket, and, crucially, avoiding
OTCjp in the default state. In contrast, in the consolidated marketplace, the whole market,
including the N-types, is subject to the default of asset B, and there is no way to avoid it.

Our numerical simulations show that the latter force (making the segmented mar-
ketplace desirable for N-types) typically prevails, so that in the model with CRS having
all agents visit the segmented marketplace is the only robust equilibrium.? (When we use the
term “robust”, we mean robust to small trembles, as defined in Proposition 1.) To be
more precise, in our numerical simulations, the representative agent’s surplus from visit-
ing the segmented marketplace is higher than the surplus from visiting the consolidated
marketplace. It should be emphasized that this result is obtained without any additional
assumptions regarding the size of 1, k. (The surpluses illustrated in Figure 13 do not
include the entry cost terms x.) In other words, full concentration in the segmented mar-
ketplace arises as the only robust equilibrium not because we give that marketplace an
exogenous advantage, say, by making x, larger than «,, but because our model entails a
hardwired channel that attracts agents to the segmented marketplace.

However, with several forces pointing in different directions, providing an analytical
proof of this result is hard, and one cannot exclude the possibility that for some parameter
values the consolidated marketplace is operating. Therefore, we now study the equilib-
rium numerically using the calibrated parameters discussed in Section 5. The results of
this exercise are illustrated in Figure 13 (b). An important difference compared to Figure
13 (a) is that now the IRS are amplifying the coordination effect, so that the representative
agent has a strong desire to visit the consolidated marketplace if and only if she expects

2 Another way of viewing this result is that the C-type’s motive to visit the consolidated marketplace
for insurance reasons is not strong enough to exceed the motive of the N-type to visit the segmented mar-
ketplace. This result should not be surprising, since we have already seen a manifestation of it in Section
C.1. There, agents were offered the option to insure themselves against the default probability of asset B,
by carrying some asset A, but they optimally chose to turn it down. The reason was that agents already had
a good way of insuring themselves against the default shock (as they do here): carry more money.
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Figure 14. Regions of possible equilibria consistent with entry costs (k, k2).

Notes: The marketplace entry costs are normalized by K = S, the surplus of the typical agent from having
access to the segmented marketplace, defined in (C.30) and illustrated in panel (b) of Figure 13, evaluated
at calibrated parameters presented in Table 1.

many other agents to be there (e, is large). Our analysis implies that there exist two ro-
bust corner equilibria; one where all agents concentrate in the consolidated marketplace,
and one where all agents concentrate in the segmented marketplace. Of course, the latter
coincides with the equilibrium described in our baseline model, where segmentation was

imposed as an assumption.

C.2.1 Market entry costs that are consistent with the calibrated model

Finally, note that the analysis so far has abstracted from the entry fees i, k2. In other
words, we have established that even if k1 = k9, having all agents concentrate in the seg-
mented marketplace is a robust equilibrium of the model. However, one may expect that
the cost associated with visiting the consolidated marketplace (where agents can trade all
assets) will be greater than the cost associated with visiting the segmented marketplace.
If ko was significantly greater than x,, then concentrating in the segmented marketplace
would become the unique robust equilibrium.

To make this argument more concrete, we evaluate the model from this section with

all parameters set to their calibrated values (as in Section 5), except for the entry costs
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x1 and k9 for which we have no direct empirical counterpart. We define the cutoff value
K to be equal to the value of S; at the ‘segmented’ corner (e, = 0), evaluated at the
calibrated parameters, as shown in panel (b) of Figure 13, and obtain the following results:
(i) a robust equilibrium where all agents enter into the ‘segmented” marketplace (e, = 0)
exists if and only if xk; < K; (ii) a robust equilibrium where all agents enter into the
‘consolidated” marketplace (e; = 1) exists if and only if k, < 1.047 K; (iii) the segmented
equilibrium delivers superior ex-ante surplus from OTC trade than the consolidated one,
assuming both exist, if and only if k; — k1 > 0.047 K.

We illustrate these results in Figure 14. By observation (we believe that the ’seg-
mented” equilibrium can make sense of the data but the ‘consolidated” one cannot), we
must be on the left side of the vertical boundary (low x;). We cannot be sure what the
empirical value of ks is, since the consolidated market is not observed but also is not
necessarily ruled out. However, note that when «, exceeds x; by only a relatively small
amount, then while the consolidated equilibrium exists, it delivers inferior surplus to
agents than the segmented one. We think it is quite reasonable to assume that the cost
of evaluating and becoming knowledgeable about multiple assets may be larger than the
cost of evaluating a single asset. Even if we allow economies of scope so that xk; < 2k,
our model indicates that a robust segmented equilibrium is consistent with such an as-

sumption, and it may well deliver superior welfare to the agents.

C.2.2 Analysis of value functions and terms of trade

As in Section C.1.1, the terms in blue represent new terms that were absent in the base-
line model. First, we analyze the value functions in the CM. The representative agent
has five state variables. As always m represents money holdings, and d4, dz denote the
amounts of asset A and B, respectively, carried by the agent for trade in the segmented
marketplace. The new states d 42, dp, represent the amounts of asset A and B, receptively,
carried by the agent for trade in the consolidated marketplace.*® The value function of an
agent who enters the CM is given by:

Walm, da, dp, dazydps) = max § X = H + Bmax { Mo(in, da, dp, daa, dso).

X7H7m7
da,dp,da2,dB2

Ml(mu dAA7 dBa CZAQ? CZBQ) — K1, MQ(m7 dA? CZB7 CzA27 CZBQ) - ’%2}}

30 As a mnemonic rule, the “2” is meant to remind the reader that these variables pertain to the market
where two assets can be traded, namely, the consolidated market.

85



s.t. X + (1 + pada + ppdp + padas + pades)
=H+pm+puM+ds+dg-I{s=n}+ pdp-I{s =d}
+ dAQ -+ ng']I{S e n} -+ deg']I{S — d}),

where:
Mo(i, da, dp, dag, dps) = Vi(in, da, dp, das, dps),
Ml(ma dAA; dAB? CZAQ; CZBQ) = Es,i |:maX {QfA<m7 dAA) dAB) dAAQa dABQ)? QfB(m7 dAA? CZB? dAZ) dABQ)}] )
MQ(ma dAA7 CzB? CZAQ? CzBQ) = Es,i |:Q'f2 (Th7 dAA? JBJ CZAQ? CZBQ) .

Notice that M, is the value function of not participating in any marketplace. (Since en-
tering either of the two marketplaces entails a cost, the agent should always the option to
not participate.) M, is the value function of participating in the segmented marketplace,
and k; is the associated entry cost. M is the value function of participating in the con-
solidated marketplace, and k, is the associated entry cost. (A mnemonic rule similar to
the one described in footnote 30 also applies here.)

Next, we move to the value functions in the OTC markets. We start with the seg-
mented marketplace. Let 2}, denote the value function of an i-type agent, i = {C, N},
who enters OTC;, j = {A, B}, in state s. These value functions are given by:

Qe a(m,da,dp, daz, dp2) = a4 Va(m +€a,da — xa,dp, daz, dp2)
+ (1 = aga)Va(m, da, dp, das, dp2),

O 4(m, da, dp, daz, dps) = a4 Va(m + Ea,da — xa, dp, daz, dis)
+ (1= ad )Va(m,da, dp, daz, dps),

Qtp(m,da, dp, das, dp2) = agigVa(m + £, da, dp — X5, daz, dp2)
+ (1 — agp)Valm,da,dp, das, dp2),

QdCB(mv da,dp, das, dp2) = OfdoBVd(m + 5%7 da,dp — X%v daz, dp2)
+ (1 — adp)Va(m, da, dp, das, dps),

QN a(m,da,dp,das, dpz) = Ay Wn(m —&a,da+ Xxa,dp, daz, dp2)
+ (1 = afa)Wa(m,da,dp, das, dps),

QR a(m, da, dp, das, dps) = Ay Wa(m — €a,da + Xa,dp, das, dps)
+ (1 — % IWalm, da,dg, daz, dps),

QN g(m,da,dp,das,dps) = aNgWih(m — 5, da, dp + X, daz, dp2)
+ (1 —ayg)Wi(m,da,dg,das, dps),

O p(m, da, dp, daz, dps) = af pWa(m — €5, da, dp + X5, das, dps)
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where ¢; is the amount of money transferred to a C-type, and x; is the amount of asset j
transferred to an N-type in a typical match in OTC;. (As usual, for OTCp the aggregate
state matters for the terms of trade, and the superscripts n and d indicate whether trade
in that market takes place in the normal or the default state.)

Now we turn to the value functions in the consolidated marketplace. Let 2}, denote
the value function of an i-type agent who enters this marketplace in state s. These value

functions are given by:

Qto(m,da,dp, daz, dp2) = acaVo(m + &5, da, dp, daz — X'he, dp2 — Xp2)
+ (1 — aca)Va(m,da, dp, das, dps),

Qlo(m,da,dp, daz, dp2) = acaVa(m + &5, da, dp, das — X% dp2 — X5s)
+ (1 — apa)Vy(m,da,dp, das, dps),

ONo(m,da,dp, daz, dp2) = an2Wi(m — &', da, dp, das + X'ho, dp2 + Xp2)
+ (1 — ayo)Wy(m,da,dg, das, dps),

O%o(m, da, dp, das, dps) = ansWa(m — €5, da, dp, daz + X%, dp2 + X5s)
+ (1 — ano)Wa(m,da,dg,das, dps).

where &3 is the amount of money transferred to a C-type, and x;, is the amount of asset
j transferred to an N-type in a typical match in state s.

Finally, the value function in the DM is given by:
‘/s<m7 dA7 dB7 dA27 dB2) - U(Q) + Ws(m -7, dA7 dBJ dA27 dBQ)‘

We now turn to the description of the terms of trade in the various markets, starting
with the DM. Since this version of the model has no differences regarding the bargaining

protocol in the DM, the bargaining solution is still given by:
g(m) = pm,  7(m) =m.

Next, we turn to the terms of trade in the OTC markets. First consider a meeting
in OTC; in the segmented the marketplace between a C-type with portfolio (m,d4, dg,
da2,dps2) and an N-type with portfolio (m, da, cZB, d a9, d p2). By definition, a C-type who
enters this marketplace has d43 = dps = 0, and either d4 = 0 or dp = 0 (because an agent
who goes to the segmented marketplace specializes only in one asset). Let S;; denote the

surplus of an i-type in OTC,. (As usual, for OTCp the aggregate state matters for the
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terms of trade, and the superscripts n and d indicate whether trade in that market takes

place in the normal or the default state.) These surpluses are given by:

Sca = Va(m+&a,da — xa,dp,daz,dps) — Vo(m,da,dp, das, dps)
= u(p(m +&a)) — ulpm) — xa,

Sya =Wa(ih — €a,da + Xa,dp, das, dpa2) — W (i, da, dp, das, dps)
= —pa + pXa,

Sép = Va(m +&p,da, dp — Xg,daz, dpa) — Vi(m, da, dp, daz, dp2)
= u(p(m +£p)) — u(em) — exp,

Shp = Wi — €4, da, dp + X%, daz, dp2) — Wi (i, da, dp, das, dps)

= —p¢p + ©XB,
Sep = Valm+ €5, da,dp — X5, daz, dpa) — Va(m, da, dp, daz, dp»)
= u(p(m +£3)) — u(em) — opx%,
S]C\l[B = Wd(m - f%a dNA? CZB + X%v dNAQa CZBQ) - Wd(ma CZA? dNB? CZAZa d~32)
= —pfE + opxE.
We now describe the bargaining solutions. For ({4, x4), we have:
oxa = (1 —=0)[u(p(m +&a)) — ulpm)] + 0p& 4,

&4 = min{m”* — m,éA},

4= 1€ pda = (1= O)[u(p(m +£)) — ulpm)] + €}
For (¢}, x%), we have:
X = (1= 0)[ulp(m + &) — ulem)] + 0p€s,

€% = min{m* —m, fg},

& = 1€ odp = (1= 0)[ulp(m + €)) — ul(pm)] + Op€}.

For (£%,x%), we have:

ppxp = (1= O)ulp(m + €5)) — u(om)] + 00€5
§h = min{m” —m, &}

&6 = 1€ ppdp = (1 = O)[ulp(m +£)) — ulpm)] + o€}

Next consider a meeting in the consolidated marketplace between a C-type with port-

folio (m,d4, dp, d a2, dp2) and an N-type with portfolio (17, da,dp, das, JBQ). By definition,
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a C-type agent who enters this marketplace has d4 = dg = 0. Let S}, denote the surplus
of an i-type in this marketplace in state s. These surpluses are given by:
882 - Vn(m + 5;17 dAa dB7 dA - X7,1427 dB - X%Q) - Vn(m7 dAa dB7 dA27 dBQ)
= u(p(m +&3)) — ulem) = ox = $X5,
S]T\lIQ - Wn(m - 5517 JA7 d~37 CZA + X227 d~B + X%Z) - Wn(ma gAa JB) JA27 gBZ)
= =& + ¥Xlo + OXpos
St = Va(m + &, da, dp, da — Xa, dp — X2) — Va(m, da, dp, d.z, dpo)
= u(p(m +&3)) — ulpm) — Pxa — LPXs
Sy = Wa(in — &5, da, dp, da + X%, dp + X5o) — Wali, da, dp, daz, dps)
= —9& + PxXha + PPX -
We now describe the bargaining solutions. For (£, x5, X52), we have:
PXha + PXE = (1= O)[u(p(m + &) — ulem)] + &3,
5; = mln{m* —m, gg}a

& = {€: pda+pds = (1= O)[ulp(m +€)) — u(pm)] + E}.
For (&9, X%y, X%,), we have:
PXh2 + pxEr = (1= O)[u(p(m + &3)) — ulpm)] + 003
& = min{m" —m, &}
& = {&: pda + opdp = (1= O)[ulp(m + €)) — u(em)] + ¢}
We can now derive the objective function of an agent in the CM, which is given by:
J(, da,dp, daa, dps) = —p(i + pada + ppdp + padas + pudp:)
+ Bl + da+ (7 + (1 = m)p)dp + daz + (7 + (1 — 7)p)dps] + Bllu(@rn) — @rin]
+ /Bmax{O, max{max{f(wa’éA + (1 = m)ad )Sca, U(malpStp + (1 — m)adpStp) }
+ (1 = O)rmax{a} ,Sna, xSy} + (1 — 0)(1 — m) max{ak ;Sva, a%pSup} — k1,
([racaSty + (1 — T)acaSts] + (1 — ) [ranaSis + (1 — m)anaShs] — }}
This objective function is quite different and more complicated compared to the baseline
model, therefore a couple of comments are in order. Notice that the agent’s objective has
three layers of maximum operators. First, the agent chooses whether to participate in any

marketplace at all, or walk away and obtain a zero surplus from OTC trade. Second, con-

ditional on participating, then the agent chooses whether she will go to the segmented
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or the consolidated marketplace. Third, if the agent chose to visit the segmented mar-
ketplace, she must then decide whether to visit OTC4 or OTCpg. Another, more subtle
difference is that, unlike the baseline model, here the surplus terms of an N-type appear
in the objective function. This is because agents choose their marketplace before the id-
iosyncratic liquidity shock has been revealed. As a result, the agent’s optimal decision

must take into account the surplus she will make as an N-type.*!

C.2.3 Matching probabilities

With agents” choosing between two marketplaces, matching probabilities change drasti-
cally compared to the baseline model. Denote the measure of agents who do not partici-
pate in any marketplace by ey. Also, let e, denote the fraction of marketplace participants
who choose to go to the consolidated marketplace.®? Let e denote the fraction of C-types
who go to OTC 4 among the segmented marketplace participants. Similarly, let e}, denote
the fraction of N-types who visit OTC,, conditional on having chosen the segmented
marketplace, in state s.

For the segmented marketplace, oj; is the matching probability of an i-type who

enters OTC; in state s. These matching probabilities are given by:

n Jl(—eo)(1 —eg)ect, (1 —ep)(1 — ez)ef (1 = £)]

dea = (1 —eg)(1—ez)ect ’
o — J1(1—e0)(1 —ex)(1 —ec)l, (1 — ep)(1 — ez)(1 — ef)(1 — ¢)]
“B (1 —e0)(1—e2)(l—ec)l 7
o fl(1 —e0)(1 —ex)ect, (1 —ep)(1 —ea)e (1 —£)]
R (1= eo)(1 = ex)eR (1= 0) ’

31 Throughout the paper we have assumed that the aggregate and idiosyncratic shocks are revealed
concurrently. We maintain this assumption here, and this implies that when agents make their marketplace
entry decision, they do not yet know whether they are a C- or an N-type. However, all the results of this
section would go through if agents made their entry choice after the idiosyncratic shock has been revealed.
The crucial assumption is that the aggregate shock has not been revealed when the entry choice is made.
More precisely, in the main text we explain that agents are attracted to the segmented marketplace because
that marketplace gives them the ex-post flexibility to avoid OTCp in the default state, if they turn out to
be an N-type. If agents chose their marketplace knowing their type, it would still be true that N-types
are attracted to the segmented marketplace for the very same reason, i.e., the ex-post flexibility to avoid
OTCp in the default state. (The key here is that the term “ex-post” refers to the aggregate shock, not the
idiosyncratic.) In this alternative specification, agents who already know they are N-types would be drawn
to the segmented marketplace, and, for the reasons analyzed in Section 3.4, C-types would follow.

32 Notice that while the term ¢ is a measure, the term e, is a fraction. We do not explicitly define the
measure of the segmented marketplace participants, since we can always write it as (1 — eg)(1 — e2).
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n o Sl —e)(d —ep)(I —ec)l, (1 = eo)(I = e)(1 — ex)(1 = )]

e (1= o)1= e2)(L = eR) (1 1) |
ol = I —e0)(1 —es)ect, (1 — eo)(1 — ez)(1 — 0)]
oA (1 —e9)(1—ez)ect ’
gt Sl = eo)(1 = ea)(1 = eo)t, (1 = eo)(1 = e5)(1 — e)(1 = O)]
“B (1 —e0)(1—e2)(1—ec)l ’
qi I —eo)( —es)ect, (1 —eo)(1 —e2)(1 — 0]
A (1 —eo)(1—ez)(1—1)
qi A=) —e)(1 —ec)l, (1 —eo)(1 —ep)(1 — ex) (1 —0)]
N (1—eo)(1—e2)(1—eX)(1—0) 7

which are equal to:

o = (1= eo)(1 — eq))r TR = O]

Gcé
L o (1 —ec)l, (1 —ex)(1 = 0)]
agp = [(1—ep)(1 —e)] C(l —ec)l
. g flect ex (1= 10)]
anva=[(1—ep)(1l —ey) ZnNu_g)

71— o)t (1= e3)(1 = 0]
1—c)1-0)

b =10 - )1 - e L=,

) 10— )t (1= )1~ 0)
adp = [(1 - eo)(1 —e2)] e
i =101~ en)(1 = e LR O,

n Fl(L—ec)t, (1 —ef)(1 = 0)]
(1—-ex)1-10)

For the consolidated marketplace, o, is the matching probability of an i-type. These

matching probabilities are given by:

Gy = f[(l — 60)628, (1 — 60)62(1 — 6)] Ny = f[(l — 60)626, (1 — 60)62(1 — 6)]
’ (1 - eo)eal ’ ’ (1 —eg)ea(1—0) ’

which are equal to:

ace = [(1 —ep)ea] (1 — 1), ane = [(1 —eg)ea]" L.

C.24 Equilibrium

We now describe the steady state equilibrium of the model with two marketplaces, pro-

ceeding as follows. First, we describe the equilibrium conditions (importantly, the de-
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mand for the various assets) implied by agents who (i) do not participate in any mar-
ketplaces; (ii) participate in the segmented marketplace; and (iii) participate in the con-
solidated marketplace. We do so taking as given the measures of agents in the various
marketplaces (including the non-participants). Second, we endogenize these measures
by studying agents’” optimal entry decisions in the various marketplaces.

Equilibrium conditions implied by non-participants Here there is only one core vari-
able, ¢q. Non-participants rely only on their own money holdings, and their money de-

mand equation is given by:
i=L0(u'(q) —1). (C.9)

Since in the last step of equilibrium characterization we will describe the agents’ entry

decisions, it is useful to define the non-participant agent’s surplus, which is given by:
So = —ig +lu(g) — g

Equilibrium conditions implied by segmented marketplace participants Here the core
variables are {qoa, 14, Q0B ', 5, €c, €%, €}, as in the baseline model. Recall that we
have defined wy(q) =0 + (1 — 0)u/(¢q) > 1.

First, the money demand equations are given by

= |1~ (o + (1= maa) | Waun) ~ 1 (10)
#malsa + (1 = ma) i) ~ 1),

= |- oty - w)a%#@} ! (q0) — 1] )
- ray sl (gfp) 1]+ €1 = F)aby—erslu'(aly) 1)

The OTC trading protocols,

dia = min{q*a doA + ng}v
¢y = min{q*, qop + pER}
iy = min{q*, qop + pEL},

combined with the OTC bargaining solutions,
pda = (1= 0)[u(qra) — u(goa)] + 004,
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wdp = (1—0)[u(qs) — ulqos)] + 00E,
ppdp = (1= 0)[u(qs) — ulqos)] + 00EE,

yield
4 = min {q*’ dont Pla— (- 9)[?;(%) — u(goa)] } | (C.12)
¢, = min {q*, qop + £ =1~ 9”3(%) — ulgop)] } , (C.13)
¢l5 = min {q*, qop + 224 = (1= 9)[;“‘(qu> — (o)) } . (C.14)

Next, we describe the liquidity premia implied by the demand of segmented mar-
ketplace participants, denoted by L;. We define these premia as the percentage difference
between an asset’s price and its fundamental value. Assuming that the measure of agents

visiting the segmented marketplace is positive, then L; solves

1 mH(1—m)p
Pa = 1+Z~(1+LA)7 pB—l—_I_Z.(1+LB),
where
0 /
La={(magy+ (1 —mad,) [u'(qa) — 1], (C.15)
we((hA)
Lp= L(ﬁan L[U'(q“ ) = 1] + (1 = m)paf L[u'(qd ) — 1]) (C.16)
P E U mp Pl P B gy B T )

If the measure of agents visiting this marketplace is zero, the liquidity premia will be
exclusively determined by the demand of the consolidated marketplace participants.
The optimal entry of C-types (who have chosen the segmented marketplace) is char-

acterized by
1, Sca > Scr
ec =4 0, Sca < Sen (C.17)
€ [07 1]7 SCA = L§C'B ;
where

Sca = —iqoa — Lapda + E[U(QOA) — qoa + (g, + (1 — W)adCA)SCA]7
Sca = 9<U(Q1A) —u(qoa) — qua + C_IOA>>

and
Sop = —iqop — (m+ (1 —m)p)Lppdp + f[u(qog) — qop + Tt pSep + (1 — W)adCBSgB],
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Scp = 9(“(‘1?3) —u(qos) — qip + %B),
Sty = 9<U(Qf3) —u(qon) — dip + QOB)-
Similarly, for the N-types” decisions, we have

€ [07 1]7 O‘?VASNA = O‘?VBSRTB

and
L, % aSna > a%pSip
€ [0,1], af,Snva=a%pSis .
where

Sxa= (1= 6) (ulgr) = (o) ~ g1 + doa).

Syp = (1-10) (U(Q?B) —u(qoB) — qi'p + QOB>7

S]O\l/B = (1 - 0) <U(Qf3) - U(QOB) - Q?B + QOB>~
Equilibrium conditions implied by consolidated marketplace participants Here the
core variables are {qo, ¢, ¢!}, as in Section B.3. Recall that we have defined wy(q) = 6 +

(1 - O)'(g) > 1.
First, the money demand equation is given by

1 = E 1 C2 we(q?) (1 ) C2 wg(qil) [ <q0) 1] (CZO)
+£7Ta02w9(qqf)[ (Q1) 1] +€(1 ) CQW@(C]?)[ (Q1) 1]

The OTC trading protocols,

gt = min{q", g + ¢&},
¢! = min{q*, qo + €4},

combined with the OTC bargaining solutions,

pdas + pdps = (1 — 0)[u(q)) — ulqo)] + 0&},
pdar + ppdps = (1= 0)[u(qf) — u(qo)] + €5,
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yield

qf — min {q*7 o + SpdAZ + 90de2 B (19_ 9)[U(q‘11) _ U(QO)] } . (sz)

Next, we describe the liquidity premia implied by the demand of consolidated mar-
ketplace participants, denoted by L;,. As usual, we define these premia as the percentage
difference between an asset’s price and its fundamental value. Assuming that the mea-

sure of agents visiting the consolidated marketplace is positive, then L, solves

T+ (1—m)p

Paz = %_H.(l—i-[/m), pB2 = T (1+ Lp2),
where
0 i n 0
L= f(ﬂ&czm[u (¢f) = 1]+ (1 - WMCQW[U (af) — 1]>> (C.23)
— —E T —0 "(g") — -7 ~ 0 "(¢f) —
Lo = = (Faca sl ) = 1+ (1= mpaca—sl ()~ 1) (€29

If the measure of agents visiting this marketplace is zero, the liquidity premia will be
exclusively determined by the demand of the segmented marketplace participants.

Since in the last step of equilibrium characterization we will describe the agents’
entry decisions, it is useful to define the consolidated marketplace participants’ surpluses.
For the C-types, we have

Sco = —iqo — Lapdas — (1 + (1 — 7)p)Lpedps + f[U(Qo) — Qo + T2 Sey + (1 — W)aczSég],
St = 0(ular) — ulao) = ai + ).
8t = 0 (ulal) - ula) = af + @ ).

For the N-types, we have

Sk = (1= 0)(u(?) = u(a) = 47 + o).

Sty = (1= 0) (u(a)) — u(ao) = ai +ao ).
Market clearing and no-arbitrage conditions The money market clearing condition is

oM = (1 —ep)[(1 — e2)[ecqoa + (1 — ec)qos] + €2q0] + €oq. (C.25)
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The asset market clearing conditions are

Sa=(1—eo)[(1 —ez)ecda + eadasl, (C.26)
Sp = (1 — 60)[(1 — 62)(1 — €C)dB + egng]. (C.27)

Finally, assuming positive measures of agents in both marketplaces, no-arbitrage requires

the liquidity premia implied by both types of marketplace participants to be equal:

La= Las, (C.28)
LB - LBQ- (C29)

Entry choices of marketplaces Recall that the surplus of a non-participant agent was
defined in Section C.2.4 and denoted by Sy. The surplus of an agent in the segmented

marketplace is given by
S1 = Sca-l{ec > 0} + Sep-I{ec = 0} (C.30)
+ (1= O | 4 Sna-T{eh > 0} + oy pSig-I{el = 0}
+ (1= (1 = ) [adaSva-Hely > 0} + ok pShp I{ek = 0}].
Finally, the surplus of an agent choosing the consolidated marketplace is given by
Sy =8po+(1-10) [mm&% v (- w)ams]dm]. (C.31)
The optimal marketplace choice is then characterized by

1, Sg > max{& — Iil,SQ — Iig}
€0 = 0, S() < max{& — K1, Sy — Iig} (C32)
€[0,1], So=max{S; — k1,52 — Ka}

and, conditional on ¢y < 1,

1, SQ—K,2>81—I€1
€2 = O, 82 — Rg < Sl — K1 (C33)
6[0,1], Sg—ligzsl—/il.

Definition of equilibrium

Definition 5. For given asset supplies {S4, Sp}, the steady-state equilibrium of the model
consists of 23 variables: the equilibrium quantity {¢} implied by the agents not partici-

pating in any marketplace; the equilibrium quantities {qo, ¢14, QoB, 5, ¢'5}, the entry
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choices {ec, €%, €%}, the liquidity premia {L,, Lp}, and the asset holdings {d,dp}, im-
plied by the agents participating in the segmented marketplace; the equilibrium quanti-
ties {qo, q7, ¢¢}, the liquidity premia {L 42, Lz}, and the asset holdings {d 2, dp,}, implied
by agents participating in the consolidated marketplace; the price of money {¢}; and
the entry decisions of marketplaces {eg, e2}. These equilibrium variables are determined
by (C.9), (C.10), (C.11), (C.12), (C.13), (C.14), (C.15), (C.16), (C.17), (C.18), (C.19), (C.20),
(C.21), (C.22), (C.23), (C.24), (C.25), (C.26), (C.27), (C.28), (C.29), (C.32), and (C.33).
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